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Section 1		Geometry: Thinking at Different Levels 
The Van Hiele Theory
The Van Hiele model describes how students learn geometry.  Pierre van Hiele and Dieke van Hiele-Geldof, mathematics teachers from the Netherlands, observed their geometry students in the 1950's.The following is a brief summary of the Van Hiele theory.  According to this theory, students progress through 5 levels of thinking starting from merely recognising a shape to being able to write a formal proof.  The levels are as follows:
*Visualisation (Level 0) 
The objects of thought are shapes and what they look like.
Students have an overall impression of a shape. The appearance of a shape is what is important. They may think that a rotated square is a “diamond” and not a square because it is different from their visual image of a square. They will be able to distinguish shapes like triangles, squares, rectangles etc but will not be able to explain, for example, what makes a rectangle a rectangle. Vocabulary:  Students use visual words like “pointy”, “curvy”, “corner” as well as correct language like angle, rectangle and parallelogram.
*Analysis (Level 1)
 The objects of thought are “classes” of shapes rather than individual shapes. 
Students think about what makes a rectangle a rectangle and can separate the defining characteristics of a rectangle from irrelevant information like size and orientation. They recognize its parts (sides, diagonals and angles) and compare their properties (similar, congruent)
They understand that if a shape belongs to a class like “rectangle”, then it has all the properties of that class (2 pairs of equal sides, right angles, 2 equal diagonals, 2 axes of symmetry).
Vocabulary:  words like parallel, perpendicular and congruent relating to properties within a figure and the words all, always, sometimes, never, alike, different.
A concise definition of a figure, using a sufficient rather than an exhaustive list of properties is not possible at this level.
They do not deal with questions like “Is a square a parallelogram?” but just look at the properties of each class of shape, without comparing the classes.

*Some visualisation and analysis is covered in Primary School.

Relational/ Ordering/Informal Deduction(Level 2)  
The objects of thought are the properties of shapes. 
Students are ready to understand interrelationships of properties within figures and between figures. Opposite sides of a parallelogram are parallel and opposite angles are equal.
A rectangle is a parallelogram since it has all the properties of a parallelogram as well as all 900 angles.  
Students can recognise the difference between a statement and its converse.  All squares are rectangles (true) is different from all rectangles are squares (not true).
Capable of “if –then” thinking – if a shape is a rectangle then all the angles in it are right angles. If  |<A |= |<B |and |<B| = |<C| then |< A| =|<C|
They can select one or two properties to define a figure rather than an exhaustive list. If a quadrilateral has 4 equal sides and one right angle it must be a square. 
Students can discover new properties by simple deduction.  The 2 acute angles in a right angled triangle add to 900 because all the angles in a triangle add up to 1800. They can explain logically without having to measure everything.
Formal deduction (Level 3)
Students learn how to use an axiomatic system to establish geometric theory. This is the level at which proof of Theorems is learned.  The sequence of theorems given in the appendix is arranged in such a manner that each theorem builds on the previous theorem(s). 
Rigor (Level 4) 
Comparing different axiomatic systems – not done at secondary level

Characteristics of these levels: Students cannot function at any particular level unless they are competent at all previous levels. The teacher’s role is crucial in structuring activities to bring students from one level to the next. 
How does the teacher bring students from any one level to the next? 
5 phases of learning:
 In an informal discussion of the topic, students are asked to give their initial observations.
 The teacher provides structured activities such as drawing, making and measuring.  
The students then verbalise and write down what they have learned and report back in groups to the class, which leads to a class discussion.
The teacher then provides an activity which will require students to apply what they have discovered 
In the last stage students are required to summarise all they have learned and should be able to remember it as they have discovered it through guidance.

A PowerPoint presentation of the Van Hiele theory can be got at www.projectmaths.ie                                                                  
2 examples are given on the PowerPoint slides 
(1) using similar triangles to show advancement between levels and 
(2) using an investigation of the rhombus to show how to progress from level 0 to level 1 with this figure using the 5 teaching phases.

A mind map of Van Hiele can be found at http://agutie.homestead.com/files/mindmap/van_hiele_geometry_level.html 

Students with mild general learning disabilities
Teachers are reminded that the NCCA Guidelines on mathematics for students with mild general learning disabilities can be accessed at
http://www.ncca.ie/uploadedfiles/PP_Maths.pdf 
This document includes  
Approaches and Methodologies (from Page 4)
Exemplars (from page 20).
Student Learning
While this is a handbook for teachers, it must be emphasised that student learning and the process of mathematical thinking and building understanding are the main focus of this document.  Teachers may think that once they are doing all these activities, that the students are learning.  This may not be the case.






Section 2		
Guide to Theorems, Axioms and Constructions at all Levels*	
This is intended as a quick guide to the various axioms, theorems and constructions as set out in Appendix 1 of Strand 2 -Geometry.  You can get this from the project maths website: www.projectmaths.ie 
It is not intended as a replacement for that appendix, merely as an aid to reading at a glance which material is required to be studied at various levels.  The sequence of theorems as given in appendix 1 must be followed.
As stated in the heading, these theorems and constructions are underpinned by 46 definitions and 20 propositions which are all set out in the appendix, along with many undefined terms and definable terms used without explicit definition.  
*An axiom is a statement accepted without proof, as a basis for argument
*A theorem is a statement deduced from the axioms by logical argument. Theorems can also be deduced from previously established theorems.
* A proposition is a useful or interesting statement that could be proved at this point, but whose proof is not stipulated as an essential part of the programme.  Teachers are free to deal with them as they see fit, but they should be mentioned, at least (Appendix p. 20, footnote).
*The instruments that may be used for constructions are listed and described on page 38 of the Appendix and are a straight edge, compass, ruler, protractor and set-square.

Terms		Students at JCHL and LCOL will be expected to understand the meanings of the following terms related to logic and deductive reasoning:
Theorem, proof, axiom, corollary, converse, implies.  
In addition, students at LCHL will be expected to understand the meanings of the following terms related to logic and deductive reasoning: 
Is equivalent to, if and only if, proof by contradiction.




Synthetic Geometry		
Guide to Axioms, Theorems and Constructions for all Levels
Information Technology is used whenever and wherever appropriate to help to present mathematical concepts effectively to students.  In this document the symbol appears at the corresponding position of the content to indicate that an interactive IT module is available on the Project Maths Student’s CD.
	




	Axioms and Theorems
(supported by 46 definitions, 20 propositions)
*proof required for JCHL and LCHL
** proof required for LCHL only
	    CMN Introd.
Course
	JC
ORD
	JC
HR
	LC
FDN
	LC
ORD
	LC
HR

	

	Axiom 1:  There is exactly one line through any two given points
	√
	√
	√
	√
	√
	√

	
	Axiom 2:  [Ruler Axiom]: The properties of the distance between points.
	√
	√
	√
	√
	√
	√

	
	Axiom 3:  Protractor Axiom (The properties of the           
        degree measure of an angle).
	√
	√
	√
	√
	√
	√

	1
	Vertically opposite angles are equal in measure. 
	√
	√
	√
	√
	√
	√

	
	Axiom 4:  Congruent triangles conditions (SSS, SAS, ASA)
	√
	√
	√
	√
	√
	√

	2
	In an isosceles triangle the angles opposite the equal sides are equal. Conversely, if two angles are equal, then the triangle is isosceles. 
	√
	√
	√
	√
	√
	√

	
	Axiom 5:  Given any line l and a point P, there is exactly one line through P that is parallel to l.
	√
	√
	√
	√
	√
	√

	3
	If a transversal makes equal alternate angles on two lines then the lines are parallel (and converse). 
	√
	√
	√
	√
	√
	√

	4*
	The angles in any triangle add to 180⁰.
	√
	√
	√
	√
	√
	√

	5
	Two lines are parallel if, and only if, for any transversal, the corresponding angles are equal. 
	√
	√
	√
	√
	√
	√

	6*
	Each exterior angle of a triangle is equal to the sum of the interior opposite angles. 
	√
	√
	√
	√
	√
	√

	7
	The angle opposite the greater of two sides is greater than the angles opposite the lesser.  Conversely, the side opposite the greater of two angles is greater than the side opposite the lesser angle. 
	
	
	
	
	√
	√

	8
	Two sides of a triangle are together greater than the third.  
	
	
	
	
	√
	√

	9*
	In a parallelogram, opposite sides are equal, and opposite angles are equal. 
	
	√
	√
	√
	√
	√

	
	Corollary 1.   A diagonal divides a parallelogram into two congruent triangles.
	
	
	√
	
	
	√

	10
	The diagonals of a parallelogram bisect each other.



	
	√
	√
	√
	√
	√

	11**

	If three parallel lines cut off equal segments on some transversal line, then they will cut off equal segments on any other transversal. 

	
	
	√
	
	√
	√

	12**
	Let ABC be a triangle. If a line l is parallel to BC and cuts [AB] in the ratio m:n, then it also cuts [AC] in the same ratio. 
	
	
	√
	
	√
	√

	13**
	If two triangles are similar, then their sides are proportional, in order. 
	
	√
	√
	√
	√
	√

	14*
	 [Theorem of Pythagoras]In a right-angled triangle the square of the hypotenuse is the sum of the squares of the other two sides. 
	
	√
	√
	√
	√
	√

	15
	 [Converse to Pythagoras]. If the square of one side of a triangle is the sum of the squares of the other two, then the angle opposite the first side is a right angle. 
	
	√
	√
	√
	√
	√

	
	Proposition 9:  (RHS). If two right-angled triangles have hypotenuse and another side equal in length respectively, then they are congruent. 
	
	√
	√
	√
	√
	√

	16
	For a triangle, base x height does not depend on the choice of base. 
	
	

	
	
	√
	√

	
	Definition 38:  The area of a triangle is half the base by the height. 
	
	
	
	
	√
	√

	17
	A diagonal of a parallelogram bisects the area. 
	
	
	
	
	√
	√

	18
	The area of a parallelogram is the base x height. 
	
	
	
	
	√
	√

	19*
	The angle at the centre of a circle standing on a given arc is twice the angle at any point of the circle standing on the same arc. 
	
	
	√
	
	
	√

	
	Corollary 2†:  All angles at points of a circle, standing on the same arc are equal
	
	
	√
	
	
	√

	
	Corollary 3: Each angle in a semi-circle is a right angle.
	
	√
	√
	√
	√
	√

	
	Corollary 4: If the angle standing on a chord [BC] at some point of the circle is a right-angle, then [BC] is a diameter.
	
	√
	√
	√
	√
	√

	
	Corollary 5:  If ABCD is a cyclic quadrilateral, then opposite angles sum to 180⁰.
	
	
	√
	
	
	√

	20
	
Each tangent is perpendicular to the radius that goes to the point of contact.
If P lies on the circle S, and a line l is perpendicular to the radius to P, then l is a tangent to S. 
	
	
	
	
	√
	√

	
	Corollary 6:  If two circles intersect at one point only, then the two centres and the point of contact are collinear. 
	
	
	
	
	√
	√

	21
	
The perpendicular from the centre to a chord bisects the chord.
The perpendicular bisector of a chord passes through the centre. 
	
	
	
	
	√
	√


† The corollaries are numbered as in the appendix; corollary 2 is the first one relating to theorem 19			
	    

    
	


	Constructions
(Supported by 46 definitions, 20 propositions, 5 axioms and 21 theorems)

	   CMN Introd.
Course
	JC
ORD
	JC
HR
	LC
FN
	LC
ORD
	LC
HR

	1
	Bisector of an angle, using only compass and straight edge. 
	√
	√
	√
	√
	√
	√

	2
	Perpendicular bisector of a segment, using only compass and straight edge. 
	√
	√
	√
	√
	√
	√

	3
	Line perpendicular to a given line l, passing through a given point not on l. 
	
	
	√
	√
	√
	√

	4
	Line perpendicular to a given line l, passing through a given point on l. 
	√
	√
	√
	√
	√
	√

	5
	Line parallel to given line, through a given point. 
	√
	√
	√
	√
	√
	√

	6
	Division of a line segment into 2 or 3 equal segments without measuring it. 
	√
	√
	√
	√
	√
	√

	7
	Division of a line segment into any number of equal segments, without measuring it.
	
	
	√
	
	
	√

	8
	Line segment of a given length on a given ray. 
	√
	√
	√
	√
	√
	√

	9
	Angle of a given number of degrees with a given ray as one arm. 
	
	√
	√
	√
	√
	√

	10
	Triangle, given lengths of 3 sides. 
	
	√
	√
	√
	√
	√

	11
	Triangle, given SAS data. 
	
	√
	√
	√
	√
	√

	12
	Triangle, given ASA data
	
	√
	√
	√
	√
	√

	13
	Right-angled triangle, given length of hypotenuse and one other side
	
	√
	√
	√
	√
	√

	14
	Right-angled triangle, given one side and one of the acute angles. 
	
	√
	√
	√
	√
	√

	15
	Rectangle given side lengths. 
	
	√
	√
	√
	√
	√

	16
	Circumcentre and circumcircle of a given triangle, using only straight edge and compass. 
	
	
	
	√
	√
	√

	17
	Incentre and incircle of a triangle of a given triangle, using only straight edge and compass. 
	
	
	
	√
	√
	√

	18
	Angle of 60⁰ without using a protractor or set square. 
	
	
	
	√
	√
	√

	19
	Tangent to a given circle at a given point on it. 
	
	
	
	√
	√
	√

	20
	Parallelogram, given the length of the sides and the measure of the angles. 
	
	
	
	√
	√
	√

	21
	Centroid of a triangle. 
	
	
	
	
	√
	√

	22
	Orthocentre of a triangle. 
	
	
	
	
	
	√



Section 3			Synthetic Geometry			
A possible Sequence for teaching First Year students including the Common Introductory Course
While proofs are not the issue as regards informal introduction, it is important that students are kept aware that the theorems build logically.
	Concepts: 
Set, plane, point, line, ray, angle, real number, length, degree.  Triangle, right-angle, congruent triangles, parallel lines, area, line segment, collinear points, distance, reflex angle, ordinary angle, straight angle, null angle, full angle, supplementary angles, vertically-opposite angles, acute angle, obtuse angle, angle bisector, perpendicular lines, perpendicular bisector of a line segment, isosceles triangle,  equilateral triangle, scalene triangle, right-angled triangle, exterior angles of a triangle, interior opposite angles, alternate angles, corresponding angles, transversal line, circle.


Information Technology is used whenever and wherever appropriate to help to present mathematical concepts effectively to students. In this document the symbol appears at the corresponding position of the content to indicate that an interactive IT module is available on the Project Maths Student’s CD.
This is a suggested sequence for teaching First Year students.  It includes the material in the Common Introductory  Course and also deals with some triangle constructions and congruence of triangles. The lesson ideas  which include the Common Introductory Course are marked “CIC”.
 In using these lesson ideas, teachers and students can draw from the “Teaching and Learning Plans” and student activities on the website at  www.projectmaths.ie.
Teachers are also strongly recommended to use the Geometry Lesson Ideas in the “Junior Certificate Guidelines for Teachers” (DES 2002, Government Publications Sales Office  €3.81).  It is also available to download at www.projectmaths.ie.  
As outlined at the workshops, the use of manipulative products such as “geostrips”, “anglegs”, geo-boards etc. can make the learning so much more enjoyable for students of all perceived abilities.
_______________________________________________________________
Geometry Lesson Idea 1.1(Common Introductory Course (CIC))
Introduction to geometry
“Discussing and verbalising concepts are important aspects of the phases of learning. Students clarify and reorganise their thoughts through talking about them”.  (Van Hiele theory)
Plane, points, lines, line segments, rays, collinear points, length of a line segment
Axiom 1:  There is exactly one line through any two given points.
Axiom 2:  [Ruler Axiom]: The properties of the distance between points (see Appendix 1, page 8)
See the T&L Plan at www.projectmaths.ie 
For students with mild general learning disabilities see the activities on pages 128 – 134 of the NCCA Guidelines for Teachers of Students with Mild General Learning Disabilities at        http://www.ncca.ie/uploadedfiles/PP_Maths.pdf  .

Geometry Lesson Idea 1.2(CIC)
Introduction to angles	
Angle as a rotation, angles in different orientations  
Examples:  	Angles formed by bending an arm or a leg, angles between the hands of a clock,
Snooker, shooting football angle, “narrow the angle” (in football), sharp angle, look at from a different angle 
Activities:	Use of geostrips to get acute, right, straight, obtuse, reflex and ordinary angles, estimating angles in degrees, naming angles
Terms:	Perpendicular, parallel, vertical, horizontal
Axiom 3: 	Protractor Axiom (The properties of the degree measure of an angle).
See the full T&L Plan at www.projectmaths.ie 
For students with mild general learning disabilities see the activities on pages 128 – 134 of the NCCA Guidelines for Teachers of Students with Mild General Learning Disabilities at        http://www.ncca.ie/uploadedfiles/PP_Maths.pdf  .


Geometry Lesson Idea 1.3(CIC)
Measuring angles, introduction to the protractor
Use of large protractor to demonstrate
Measuring angles, introduction to the protractor and use of large protractor to demonstrate
Misconceptions:     Students thinking that size of an angle varies with arm or arc-length, failure to recognise equal angles in different orientations - use geostrips or rotate a page with angles drawn on it
Common error:      Reading from the correct scale on the protractor
Activities:	Measuring the angles in triangles, measuring of angles from left or right side,
estimating, use of angle estimators, 
 showing right angles in different orientations e.g. rotating a set-square or rotating diagrams on a page
Addition of angles (Axiom 3: see appendix 1 page 10)
For students with mild general learning disabilities see the activities on pages 128 – 134 of the NCCA Guidelines for Teachers of Students with Mild General Learning Disabilities at        http://www.ncca.ie/uploadedfiles/PP_Maths.pdf  .
Geometry Lesson Idea 1.4(CIC)
Vertically opposite angles
A straight angle has 180⁰ (supplementary angles)
See a PM school Teaching &Learning Plan  on this at  www.projectmaths.ie
Vertically opposite angles - use of geostrips 
Theorem 1:  	Vertically opposite angles are equal in measure.
 Have them discover this by drawing diagrams and measuring in pairs and comparing results around the class.
“Theorems are full of potential for surprise and delight.  Every theorem can be taught by considering the unexpected matter which theorems claim to be true. Rather than simply telling students what the theorem claims, it would be helpful if we assumed we didn’t know it… it is the mathematics teacher’s responsibility to recover the surprise embedded in the theorem and convey it to the pupils.  The method is simple: just imagine you do not know the fact.  This is where the teacher meets the students”.

Geometry Lesson Idea 1.5(CIC)		
Use of the Compass							
Student activities:  use of compass to draw circles and various shapes.
Students should do lots of these activities, especially students with poor coordination.					
Challenges for students with technical graphics skills:
Copying an angle
Draw a 60 angle with just a ruler and compass
Draw a 90 angle with just a ruler and compass					
Draw a square within a circle
Draw an athletics track
Psycho-motor skills are greatly enhanced by these activities.

Geometry Lesson Idea 1.6(CIC)
Constructions 8 and 9
Construction 8:		Line segment of a given length on a given ray
Construction 9:		Angle of a given number of degrees with a given ray as one arm

Geometry Lesson Idea 1.7(CIC)
Constructions 5 and 6
Construction 5:	Line parallel to a given line, through a given point; (ruler and compass and “sliding” method or ruler and compass method)
         Axiom 5:  Given any line l and a point P, there is exactly one line through P that is parallel to l.
Construction 6:	Division of a line segment into 2 or 3 equal segments without measuring it
 
Geometry Lesson Idea 1.8
Introduction to triangles and congruent triangles
Use of geostrips:  scalene, isosceles, equilateral, right-angled.
Construction 10:	Triangle given SSS - Congruent triangles (Axiom 4)
Construction 11:	Triangle given SAS - Congruent triangles (Axiom 4)
N.B.  See Geometry Lesson Idea Ideas 1 and 14 in “Junior Certificate Guidelines for Teachers”. 
 Available at www.projectmaths.ie
 Lesson Idea 1 (pp. 58 - 59) aims to help students to recognise various types of triangles and provide them with concrete experience of dealing with triangles.   
Lesson Idea 14 (pp. 72 – 73) introduces students to the idea of congruency with concrete materials


Geometry Lesson Idea 1.9
Congruent triangles continued
Construction 12:	Triangle given ASA - Congruent triangles (Axiom 4)
More constructions of triangles with SSS, SAS and ASA
By construction, show that AAA and AAS are not sufficient conditions for congruence.

Geometry Lesson Idea 1.10(CIC)
Theorem 2
Theorem 2: (i) In an isosceles triangle the angles opposite the equal sides are equal.
(ii) Conversely, if two angles are equal, then the triangle is isosceles
Word “iso” - isobars; isotherm….
Students draw their own isosceles triangle (more practice with the compass and ruler) and then measure the angles.  Each pupil will have a different triangle; compare results….. cut out and fold…
Use of geostrips:  put two identical triangles on top of each other, compare the equal angles and then flip the top one over…
Draw an isosceles triangle containing a 90⁰ angle; and discover that the 45 setsquare is one of these.
Draw equilateral triangles in a variety of orientations and mark in equal parts.
Draw an equilateral triangle:   also isosceles.
Real-life: pyramids and architecture, Maslow’s pyramid of human needs,
 the food-pyramid

Geometry Lesson Idea 1.11(CIC)
Alternate angles plus Theorem 4 
Alternate angles explained by examples and measuring
New  words:            transversal, alternate angles	
Suggested Methodology: 
Teacher draws 2 parallel lines with a transversal and names the angles using numbers (1-8).  The students draw the diagram into their copy, e.g.  by drawing lines along both edges of a ruler and a line cutting across these.  The teacher draws 2 “Z” shapes on the board.  Students are asked can they spot the 2 “Z” shapes in the diagram with the parallel lines and the transversal.  
Now the teacher asks students to fill in the numbered angles in each of the “Z” shapes.  From then on, students can remember alternate angles as “Z” angles.  Of course students must remember the correct terminology also. 
Theorem 3:      (i) If a transversal makes equal alternate angles on two lines, then the lines are      parallel.
(ii) Conversely, if two lines are parallel, then any transversal will make equal alternate angles with them.
Students investigate  by drawing a number of examples of a transversal on 2 parallel lines and then on 2 non parallel lines. By measuring ,they find that the alternate angles are equal only when the lines are parallel.
*Theorem 4:	The angles in any triangle add to 180⁰.
The students draw a number of triangles or use the ones from the previous class and measure their angles with the protractor.  Include some obtuse-angled triangles.
Tear (don’t cut) off the three angles, having first marked them and put them along the edge of a ruler.  It will be obvious that they add to 180⁰.
See Geometry Lesson Idea Idea 4 in “Junior Certificate Guidelines for Teachers” page 62.  Available at www.projectmaths.ie
See a Project Maths school Teaching and Learning Plan on this theorem at www.projectmaths.ie



Geometry Lesson Idea 1.12(CIC)
Corresponding angles plus Theorem 6
Corresponding angles explained by examples and measuring
New words: 	corresponding  angle
Suggested Methodology: 
Teacher draws 2 parallel lines with a transversal and names the angles using numbers (1-8).  The students draw the diagram into their copy, e.g.  by drawing lines along both edges of a ruler and a line cutting across these.  The teacher draws out 4 “F” shapes (the 4 pairs of corresponding angles).Students are asked can they spot 4 “F” shapes in the diagram with the parallel lines and the transversal.  
Now the teacher asks students to fill in the numbered angles in each of the “F” shapes.  From then on, students can remember corresponding angles as “F” angles.  Of course students must remember the correct terminology also.
Remind students again of the alternate angles from the previous lesson. 
Theorem 5:	Two lines are parallel if and only if for any transversal, corresponding angles are equal.
Students measure all the angles (protractor practice) in the F shapes and see what they notice.  Compare results across the class.
Have the students draw (obvious) non-parallel lines with a transversal, and check the same angles.
Plenty of student activities on this lesson; different orientations can be really challenging for some pupils.
*Theorem 6:  Each exterior angle of a triangle is equal to the sum of the interior opposite angles.
Don’t tell them the theorem first.  Have the students draw several cases and see if they come up with the theorem.  
Very important to have triangles in various orientations
See Geometry Lesson Idea Idea 5 in “Junior Certificate Guidelines for Teachers” Page 63.  
Available at www.projectmaths.ie.  



Geometry Lesson Idea 1.13(CIC)
Constructions 1 and 2
Construction 1:	Use of compass to bisect an angle
Construction 2:	Use of compass to draw the perpendicular bisector of a line segment

Geometry Lesson Idea 1.14(CIC)
Constructions 3 and 4

Construction 3:	Line perpendicular to a given line l, passing through a given point not on l
(2 methods:  ruler and compass or ruler and set-square)
Construction 4:	Line perpendicular to a given line l, passing through a given point on l
(2 methods:  ruler and compass or ruler and set-square)					


	




              
Section 4			Synthetic Geometry			
A possible Sequence for teaching Second Year Students
While proofs are not the issue as regards informal introduction, it is important that students are kept aware that the theorems build logically.
	Concepts: 
Set, plane, point, line, ray, angle, real number, length, degree.  Triangle, right-angle, congruent triangles, parallel lines, area, line segment, collinear points, distance, reflex angle, ordinary angle, straight angle, null angle, full angle, supplementary angles, vertically-opposite angles, acute angle, obtuse angle, angle bisector, perpendicular lines, perpendicular bisector of a line segment, isosceles triangle,  equilateral triangle, scalene triangle, right-angled triangle, exterior angles of a triangle, interior opposite angles, alternate angles, corresponding angles, transversal line, circle.


Information Technology is used whenever and wherever appropriate to help to present mathematical concepts effectively to students. In this document the symbol appears at the corresponding position of the content to indicate that an interactive IT module is available on the Project Maths Student’s CD.
This is a suggested sequence for teaching a second year course.  In teaching these lessons, teachers and students can draw from the “Teaching and Learning Plans” and student activities on the website at  www.projectmaths.ie
Teachers are also strongly recommended to use the Geometry Lesson Idea ideas in the “Junior Certificate Guidelines for Teachers” (DES 2002, Government Publications Sales Office  €3.81).  It is also available to download at www.projectmaths.ie.  
As outlined at the workshops, the use of manipulative products such as “geostrips”, “anglegs”, geo-boards etc. can make the learning so much more enjoyable for students of all perceived abilities.
_______________________________________________________________
The first 8 lesson ideas of year 2 are designed to give the students a chance to revisit the material met in first year.  This can be done at the pace that the students need.  This revision may not take 8 class periods or it might take a little longer.  It is recommended that new activities and challenges be introduced during this revision so that students do not see it as too much repetition and that they can see new ways of investigating familiar situations.

Geometry Lesson Idea 2.1
Revision of first year material – a complete recap on Lessons 1.1 and 1.2
Geometry: preliminary concepts
Plane, points, lines, line segments, rays, collinear points, length of a line segment
Axiom 1:        	There is exactly one line through any two given points.
Axiom 2:  	[Ruler Axiom]: The properties of the distance between points (Appendix 1 page 8)
Construction 8:	Line segment of a given length on a given ray
Revision of angles	
Angle as a rotation 
Examples:  angles formed by bending an arm or a leg, angles between the hands of a clock,
Snooker, shooting football angle, “narrow the angle” (in football), sharp angle, look at from a different angle 
Activities:  Use of geostrips to get acute, right, straight, obtuse, reflex and ordinary angles
Angles in different orientations  
Words:       Perpendicular, parallel, vertical, horizontal
Axiom 3:    Protractor Axiom (The properties of the degree measure of an angle).
Estimating angles in degrees, naming angles
See the T&L Plan for Lesson 1 and 2 of first year on www.projectmaths.ie
Go to www.projectmaths.ie and choose “animated geometry theorems - but be mindful of the fact that this site has the existing notation where points are denoted by lower-case letters.

Geometry Lesson Idea 2.2
Revision of first year material – a complete recap on Lessons 1.3 and 1.4
Measuring angles, introduction to the protractor
Use of large protractor to demonstrate
Measuring angles, introduction to the protractor and use of large protractor to demonstrate
Misconceptions:     Students thinking that size of an angle varies with arm or arc-length, failure to recognise equal angles in different orientations - use geostrips or rotate a page with angles drawn on it
Common error:      Reading from the correct scale on the protractor
Activities:	Measuring the angles in triangles, measuring of angles from left or right side,
estimating, use of angle estimators, 
 showing right angles in different orientations e.g. rotating a set-square or rotating diagrams on a page
Addition of angles (Axiom 3: see appendix 1 page 10)
A straight angle has 180⁰ (supplementary angles)
Vertically opposite angles - use of geostrips 
Theorem 1:  	Vertically opposite angles are equal in measure.
 Have them discover this by drawing diagrams and measuring in pairs and comparing results around the class.
Geometry Lesson Idea 2.3	
Revision of first year material – a complete recap on Lessons 1.5 and 1.6
Further practice with the Compass							
Student activities:  use of compass to draw circles and various shapes.
Do lots of these activities, especially for students with poor coordination.		
Challenge for students with technical graphics skills:	
Copying an angle
Draw a 60 angle with just a ruler and compass
Draw a 90 angle with just a ruler and compass					
Draw a square within a circle
Draw an athletics track
Psycho-motor skill development   
Construction 9:		Angle of a given number of degrees with a given ray as one arm

Geometry Lesson Idea 2.4	
Revision of first year material – a complete recap on Lessons 1.7 and 1.8
Construction 5:	Line parallel to a given line, through a given point; (ruler and compass and “sliding” method or ruler and compass method)
         Axiom 5:  Given any line l and a point P, there is exactly one line through P that is parallel to l.
Construction 6:	Division of a line segment into 2 or 3 equal segments without measuring it
	Construction 7:		Division of a line segment into any number of equal segments without measuring it (Higher Level Only)




Revision of triangles and congruent triangles
 Scalene, equilateral, isosceles ,right-angled, obtuse-angled

describe each in words
draw three examples of each in different orientations
in each case what is the sum of the angles?
in each case are there any equal angles? Where?
in each case can you say for certain what size the angles are?
apart from the isosceles triangles themselves, which of the others could also be isosceles?

Geometry Lesson Idea 2.5
Revision of first year material – a complete recap on Lessons 1.7 and 1.8

Construction 10:	Triangle given SSS - Congruent triangles (Axiom 4)
Construction 11:	Triangle given SAS - Congruent triangles (Axiom 4)
N.B.  See Geometry Lesson  Ideas 1 and 14 in “Junior Certificate Guidelines for Teachers”. 
 Available at www.projectmaths.ie 
Lesson Idea 1 (pp. 58 - 59) aims to help students to recognise various types of triangles and provide them with concrete experience of dealing with triangles.   
Lesson Idea 14 (pp. 72 – 73) introduces students to the idea of congruency with concrete materials.

Geometry Lesson Idea 2.6	
Revision of first year material – a complete recap on Lessons 1.9 and 1.10
Congruent triangles continued
Construction 12:	Triangle given ASA - Congruent triangles (Axiom 4)
More constructions of triangles with SSS, SAS and ASA
By construction, show that AAA and AAS are not sufficient conditions for congruence.

Theorem 2: (i) In an isosceles triangle the angles opposite the equal sides are equal.
(ii) Conversely, if two angles are equal, then the triangle is isosceles
Word “iso” - isobars; isotherm….
Students draw their own isosceles triangle (more practice with the compass and ruler) and then measure the angles.  Each pupil will have a different triangle; compare results….. cut out and fold…
Use of geostrips:  put two identical triangles on top of each other, compare the equal angles and then flip the top one over…
Draw an isosceles triangle containing a 90⁰ angle; and discover that the 45 setsquare is one of these.
Draw equilateral triangles in a variety of orientations and mark in equal parts.
Draw an equilateral triangle:   also isosceles.
Real-life: pyramids and architecture, Maslow’s pyramid of human needs,
 the food-pyramid
Geometry Lesson Idea 2.7	
Revision of first year material – a complete recap on Lessons 1.11 and 1.12
Alternate angles explained by examples and measuring
New  words:            transversal, alternate angles	
Suggested Methodology: 
Teacher draws 2 parallel lines with a transversal and names the angles using numbers (1-8).  The students draw the diagram into their copy, e.g.  by drawing lines along both edges of a ruler and a line cutting across these.  The teacher draws 2 “Z” shapes on the board.  Students are asked can they spot the 2 “Z” shapes in the diagram with the parallel lines and the transversal.  
Now the teacher asks students to fill in the numbered angles in each of the “Z” shapes.  From then on, students can remember alternate angles as “Z” angles.  Of course students must remember the correct terminology also. 
Theorem 3:      (i) If a transversal makes equal alternate angles on two lines, then the lines are      parallel.
(ii) Conversely, if two lines are parallel, then any transversal will make equal alternate angles with them.
Students investigate  by drawing a number of examples of a transversal on 2 parallel lines and then on 2 non parallel lines. By measuring ,they find that the alternate angles are equal only when the lines are parallel.
*Theorem 4:	The angles in any triangle add to 180⁰.
(proof required for Higher Level only).

See Geometry Lesson Idea Idea 4 in “Junior Certificate Guidelines for Teachers” page 62.  Available at  
The students draw a number of triangles or use the ones from the previous class and measure their angles with the protractor.  Include some obtuse-angled triangles.
Tear (don’t cut) off the three angles, having first marked them and put them along the edge of a ruler.  It will be obvious that they add to 180⁰.

Corresponding angles explained by examples and measuring
New words: 	corresponding  angle
Suggested Methodology: 
Teacher draws 2 parallel lines with a transversal and names the angles using numbers (1-8).  The students draw the diagram into their copy, e.g.  by drawing lines along both edges of a ruler and a line cutting across these.  The teacher draws out 4 “F” shapes (the 4 pairs of corresponding angles).Students are asked can they spot 4 “F” shapes in the diagram with the parallel lines and the transversal.  
Now the teacher asks students to fill in the numbered angles in each of the “F” shapes.  From then on, students can remember corresponding angles as “F” angles.  Of course students must remember the correct terminology also.
Remind students again of the alternate angles from the previous lesson. 
Theorem 5:	Two lines are parallel if and only if for any transversal, corresponding angles are equal.
Students measure all the angles (protractor practice) in the F shapes and see what they notice.  Compare results across the class.
Have the students draw (obvious) non-parallel lines with a transversal, and check the same angles.
Plenty of student activities on this lesson; different orientations can be really challenging for some pupils.
*Theorem 6:  Each exterior angle of a triangle is equal to the sum of the interior opposite angles.
(proof required for Higher Level only).
Don’t tell them the theorem first.  Have the students draw several cases and see if they come up with the theorem.  
Very important to have triangles in various orientations
See Geometry Lesson Idea Idea 5 in “Junior Certificate Guidelines for Teachers” Page 63. 
Available at www.projectmaths.ie
Geometry Lesson Idea 2.8	
Revision of first year material – a complete recap on Lessons 1.13 and 1.14
Construction 1:	 Use of compass to bisect an angle
Construction 2:	Use of compass to draw the perpendicular bisector of a line segment

Construction 3:	Line perpendicular to a given line l, passing through a given point not on l
(2 methods:  ruler and compass or ruler and set-square)
Construction 4:	Line perpendicular to a given line l, passing through a given point on l
(2 methods:  ruler and compass or ruler and set-square)
Geometry Lesson Idea 2.9
Translation:             intuitive approach using drawings
	Image of a line, of an angle, of a triangle
Possible investigations:
	Does a translation preserves length?
Does a translation preserve angle size?
Does a translation maps a line onto a parallel line?
 Does a translation map a triangle onto a congruent triangle?

Geometry Lesson Idea 2.10
Axial symmetry      intuitive approach using drawings
Image of a line, of an angle, of a triangle
Possible investigations:
Does an axial  symmetry preserves length?
Does an axial symmetry preserve  angle size?
Does an axial symmetry map a line onto a parallel line?
Does an axial symmetry map a triangle onto a congruent triangle?
Axis of symmetry   How many axes of symmetry does an isosceles triangle have?
How many axes of symmetry does an equilateral triangle have?
How many axes of symmetry does a circle have?
(draw examples of the above)

Geometry Lesson Idea 2.11
Central symmetry  intuitive approach using drawings
Image of a line, of an angle, of a triangle
Possible investigations:
Does a central symmetry preserves length?
Does a central symmetry preserve  angle size?
Does a central symmetry map a line onto a parallel line?
Does a central symmetry map a triangle onto a congruent triangle?


Centre of symmetry
Does an isosceles  triangle have a centre of symmetry?
Does an equilateral triangle have a centre of symmetry?
Which types of triangle have a centre of symmetry?
Does a circle have a centre of symmetry?
Geometry Lesson Idea 2.12 
Parallelograms 
Draw a parallelogram ABCD which is not a rectangle or a rhombus
Draw in one diagonal BD
Mark in all the alternate angles –you should have 2 pairs
Can you see why triangles ABD and BCD are congruent? (give a reason)
What does this tell you about the opposite sides of ABCD?
What can you deduce about the opposite angles of ABCD?
[image: C:\Users\User\AppData\Local\Microsoft\Windows\Temporary Internet Files\Content.Outlook\2E9AFF4E\cd icon (2).jpg]*Theorem 9: In a parallelogram, opposite sides are equal, and opposite angles are equal.
(proof required for Higher Level only).
	Higher Level Only
Corollary 1:	A diagonal divides a parallelogram into two congruent triangles.


Does the diagonal bisect  the angles at the vertex?
What is the sum of the four angles of parallelogram ABCD?
What would you get if you add two adjacent angles of the parallelogram? Why?

Geometry Lesson Idea 2.13
More Parallelograms
Draw a parallelogram ABCD which is not a rectangle or a rhombus
Draw in the two diagonals AC and BD intersecting at E
Are the two diagonals equal in length? (Measure)
Mark in all the equal sides and angles in the triangles AED and BEC
Can you see why triangles ADE and BEC are congruent? (give a reason)
Theorem 10: The diagonals of a parallelogram bisect each other.
For a video demonstration of teaching this using manipulative resources go to www.projectmaths.ie.   
Are the triangles AEB and DEC congruent?  Give a reason.
Are the diagonals perpendicular?  Can you give a reason?
Are there 4 congruent triangles in the parallelogram?
Do the diagonals bisect the vertex angles of the parallelogram?
How many axes of symmetry does the parallelogram have?
Does the parallelogram have a centre of symmetry?  If so, where?
Geometry Lesson Idea 2.14
Investigations of quadrilaterals: 
Square, rhombus, parallelogram, rectangle.
Describe each of these in words
Draw 3 examples of each in different orientations.
Which sides are equal?
What is the sum of all the angles?
Are all angles equal?  Which angles are equal?
What is the sum of 2 adjacent angles?
Does a diagonal bisect the angles it passes through?
Are the diagonals perpendicular?
Does a diagonal divide it into two congruent triangles?
Given the length of its sides, can you calculate the length of a diagonal?
Are the two diagonals equal in length?
Do the diagonals divide it into 4 congruent triangles?
Do the diagonals bisect each other?

How many axes of symmetry does a square have?
How many axes of symmetry does a rectangle(not  a square) have?
How many axes of symmetry does  a parallelogram (not a rectangle)have?
How many axes of symmetry does a rhombus have?
(Draw them in on your diagrams, cut out and fold).
In the case of each shape, does it have a centre of symmetry?  If so, indicate them on your diagrams.
Option:  do the above investigations on a KITE.


Section 5			Synthetic Geometry			
A possible Sequence for teaching Third Year Students
While proofs are not the issue as regards informal introduction, it is important that students are kept aware that the theorems build logically.
	Concepts: 
Set, plane, point, line, ray, angle, real number, length, degree.  Triangle, right-angle, congruent triangles, parallel lines, area, line segment, collinear points, distance, reflex angle, ordinary angle, straight angle, null angle, full angle, supplementary angles, vertically-opposite angles, acute angle, obtuse angle, angle bisector, perpendicular lines, perpendicular bisector of a line segment, isosceles triangle,  equilateral triangle, scalene triangle, right-angled triangle, exterior angles of a triangle, interior opposite angles, alternate angles, corresponding angles, transversal line, circle.


Information Technology is used whenever and wherever appropriate to help to present mathematical concepts effectively to students. In this document the symbol appears at the corresponding position of the content to indicate that an interactive IT module is available on the Project Maths Student’s CD.
This is a suggested sequence for teaching a second year course.  In using these lesson ideas, teachers and students can draw from the “Teaching and Learning Plans” and student activities on the website at www.projectmaths.ie
Teachers are also strongly recommended to use the Geometry Lesson Ideas in the “Junior Certificate Guidelines for Teachers” (DES 2002, Government Publications Sales Office  €3.81).  It is also available to download at www.projectmaths.ie .  
As outlined at the workshops, the use of manipulative products such as “geostrips”, “anglegs”, geo-boards etc. can make the learning so much more enjoyable for students of all perceived abilities.

The first 2 lesson ideas of year 3 are designed to give the students a chance to revisit the material met in second  year.  It is recommended that new activities and challenges be introduced during this revision so that students do not see it as too much repetition and that they can see new ways of investigating familiar situations.

Geometry Lesson Idea 3.1
Revision of second year material – a complete recap on Lessons 2.1 -2.7
Axioms 1,2,3,4,5
Constructions  8,9,5,6,10,11,12,1,2,3,4
Theorems 1 – 6
Congruent triangles (SSS, ASA, ASA)
Alternate angles and corresponding angles


Geometry Lesson Idea 3.2
Revision of second year material – a complete recap on Lessons 2.8 - 2.13
Translations, axial symmetry, central symmetry
Properties of parallelograms
Square, rhombus, parallelogram, rectangle
Theorems 9,10

Geometry Lesson Idea 3.3
More Quadrilaterals – Investigating a Square
Draw a square ABCD 
Draw in the two diagonals AC and BD intersecting at E
Are the two diagonals equal in length? (Measure)
Mark in all the equal sides and angles in the triangles AED and BEC
(say why they are equal)
Can you see why triangles ADE and BEC are congruent? (give a reason)
Are the triangles AEB and DEC congruent?  (give a reason)
Are there 4 congruent triangles in the square? 
Are the diagonals perpendicular?  Give a reason
Do the diagonals bisect the vertex angles of the square?
How many axes of symmetry does the square have?
Does the square have a centre of symmetry?  If so, where?



Geometry Lesson Idea 3.4
More Quadrilaterals – A Rectangle
Draw a rectangle ABCD (not a square)
Draw in the two diagonals AC and BD intersecting at E
Are the two diagonals equal in length? (Measure)
Mark in all the equal sides and angles in the triangles AED and BEC
(say why they are equal)
Can you see why triangles ADE and BEC are congruent? (give a reason)
Are the triangles AEB and DEC congruent?  (give a reason)
Are there 4 congruent triangles in the rectangle? 
Are the diagonals perpendicular?  Give a reason
Do the diagonals bisect the vertex angles of the rectangle?
How many axes of symmetry does therectangle have?
Does the Rectangle have a centre of symmetry?  If so, where?

Repeat the above investigations for the rhombus ABCD

Geometry Lesson Idea 3.5
	Higher Level only
[image: 77526370.jpg]**Theorem 11:	If three parallel lines cut off equal segments on some transversal line, then they will cut off equal segments on any other transversal.








Geometry Lesson Idea 3.6
	Higher Level only
**Theorem 12:	Let ABC be a triangle.  If a line l is parallel to BC and cuts [AB] in the ratio 
m: n, then it also cuts [AC] in the same ratio. 



Theorem 13:	If two triangles are similar, then their sides are proportional, in order. 
Go to www.projectmaths.ie   for student activities on theorem 13.
See Geometry Lesson Idea Idea 12 in “Junior Certificate Guidelines for Teachers”, page 70.  This gives students an opportunity to discover the difference between similar and congruent triangles.  
Available at www.projectmaths.ie
Geometry Lesson Idea 3.7
*Theorem 14:	 [Theorem of Pythagoras] (proof required for Higher Level only)
For a video demonstration of teaching this using manipulative resources go to  www.projectmaths.ie
Theorem 15:	[Converse to Pythagoras] If the square of one side of a triangle is the sum of the squares of the other two, then the angle opposite the first side is a right angle.
Proposition 9:  		(RHS) If two right-angled triangles have hypotenuse and another side equal in length respectively, then they are congruent.
Go towww.projectmaths.ie  for student activities on theorem 15.
See Geometry Lesson Idea Ideas 7, 8, 9, 10 and 11 in “Junior Certificate Guidelines for Teachers” Pp 66-69.  
Available at www.projectmaths.ie
Materials showing various proofs of Pythagoras are commercially available.



Geometry Lesson Idea 3.8
Construction 13:	Right-angled triangle, given length of hypotenuse and one other side.
Construction 14:	Right-angled triangle, given one side and one of the acute angles           
Construction 15:	Rectangle given side lengths
Geometry Lesson Idea 3.9
	Higher Level only:
*Theorem 19:   The angle at the centre of a circle standing on a given arc is twice the angle at any point of the circle standing on the same arc. 
(proof required for Higher Level only).
 
Corollary 2:             All angles at points of a circle, standing on the same arc, are equal.



Corollary 3: 	        Each angle in a semi-circle is a right angle.
Corollary 4: 	              If the angle standing on a chord [BC] at some point of the circle is a right-angle,      then [BC] is a diameter.
	Higher level only:
Corollary 5:              If ABCD is a cyclic quadrilateral, then opposite angles sum to 180⁰.









Section 6	     Leaving Certificate Synthetic Geometry    

Information Technology is used whenever and wherever appropriate to help to present mathematical concepts effectively to students. In this document the symbol appears at the corresponding position of the content to indicate that an interactive IT module is available on the Project Maths Student’s CD.
A possible Sequence for teaching the Leaving Certificate Course
Prior Knowledge:  

Students who have taken Ordinary Level to Junior Cert. (2007 - 2013) will have studied the following (refer to section 2 of this document):
Axioms:		1 - 5
Theorems:		1 - 10 
14 - 18 
Corollaries 3, 4 and 5 of Theorem 19
Constructions:		1, 2, 6, 10 -14

	Students who have taken Higher Level   to Junior Cert. (2007 - 2013) will have studied the following (refer to section 2 of this document):
Axioms:		1 - 5
Theorems:		1 – 10, 12 – 15, 17 – 20
(Proofs of 4, 6, 9, 14 and 19)
Constructions:		1, 2, 6, 7, 10 - 14 and 16, 17





	Concepts:        
Set, plane, point, line, ray, angle, real number, length, degree, triangle, right-angle, congruent triangles, similar triangles, parallel lines, parallelogram, area, tangent to a circle, subset, segment, collinear points, distance, midpoint of a line segment, reflex angle, ordinary angle, straight angle, null angle, full angle, supplementary angles, vertically-opposite angles , acute angle, obtuse angle, angle bisector, perpendicular lines, perpendicular bisector of a line segment, ratio, isosceles triangle,  equilateral triangle, scalene triangle, right-angled triangle, exterior angles of a triangle, interior opposite angles, hypotenuse, alternate angles, corresponding angles, polygon, quadrilateral, convex quadrilateral, rectangle, square, rhombus, base and corresponding apex and height of triangle or parallelogram, transversal line, circle, radius, diameter, chord, arc, sector, circumference of a circle, disc, area of a disc, point of contact of a tangent, concurrent lines.  Vertex, vertices (of angle, triangle, triangle, polygon), endpoints of segment, arms of an angle, equal segments, equal angles, adjacent sides, angles, or vertices of triangles or quadrilaterals, the side opposite an angle of a triangle, opposite sides or angles of a quadrilateral, centre of a circle.




The following is a suggested sequence for teaching the Leaving Cert. Course.  In teaching these lessons, teachers and students can draw from the Teaching and learning Plans and student activities on the website at www.projectmaths.ie
Teachers are also strongly recommended to use the Geometry Lesson Idea ideas in the “Junior Certificate Guidelines for Teachers “(DES 2002, Government Publications Sales Office, €3.81).  It is also available to download at www.projectmaths.ie.  
As outlined at the workshops, the use of learning materials such as “geostrips”, “anglegs”, geo-boards etc. can make the learning so much more enjoyable for students of all perceived abilities.

While proofs are not the issue as regards informal introduction, it is important that students are kept aware that the theorems build logically.
The lesson divisions which follow are for guidance only.  There are 19 lessons suggested for Ordinary Level; some classes will take less time and some may take more.  Higher level students can follow the same sequence, but will find much of the material familiar and consequently progress more quickly.  Material exclusive to the Higher Level is stated explicitly.  
The Foundation Level course is quite close to the Ordinary level (they do not do theorems 7, 8, 11,12,16,17,18,20 or 21 and they do not require Construction 21).  The Lesson ideas which are not relevant to Foundation Level students are indicated clearly in the headings.

The first 8 lesson ideas of year 5 are designed to give the students a chance to revisit the material met in the Junior Cycle.  This can be done at the pace that the students need.  This revision may not take 8 class periods or it might take a little longer.  It is recommended that new activities and challenges be introduced during this revision so that students do not see it as too much repetition and that they can see new ways of investigating familiar situations.

Geometry Lesson Idea LC.1
Revision
Introduction to geometry
“Discussing and verbalising concepts are important aspects of the phases of learning. Students clarify and reorganise their thoughts through talking about them”. (Van Hiele theory of thinking)
Plane, points, lines, line segments, rays, collinear points, length of a line segment
Axiom 1:        	There is exactly one line through any two given points.
Axiom 2:  	[Ruler Axiom]: The properties of the distance between points (Appendix 1 page 8)

See the T&L Plan on  www.projectmaths.ie
Go to www.projectmaths.ie and choose “animated geometry theorems - but be mindful of the fact that this site has the existing notation where points are denoted by lower-case letters.
Construction 8:	Line segment of a given length on a given ray

Introduction to angles	
See the T&L Plan on http://www.projectmaths.ie/junior_cycle_strands/geometry_trigonometry Angle as a rotation 
Examples:  angles formed by bending an arm or a leg, angles between the hands of a clock,
Snooker, shooting football angle, “narrow the angle” (in football), sharp angle, look at from a different angle 
Activities:  Use of geostrips to get acute, right, straight, obtuse, reflex and ordinary angles
Angles in different orientations  
Words:       Perpendicular, parallel, vertical, horizontal
Axiom 3:    Protractor Axiom (The properties of the degree measure of an angle).

Estimating angles in degrees, naming angles

Geometry Lesson Idea LC.2
Revision
Measuring angles, introduction to the protractor and use of large protractor to demonstrate
Misconceptions:     Students thinking that size of an angle varies with arm or arc-length, failure to recognise equal angles in different orientations - use geostrips or rotate a page with angles drawn on it
Common error:      Reading from the correct scale on the protractor
Measure the angles in triangles 
Plenty of diagrams, estimation, use of angle estimators, measuring
Construction 9: Angle of a given number of degrees with a given ray as one arm  

Addition of angles (Axiom 3: see appendix 1 page 10)
Theorem 1:  	Vertically opposite angles are equal in measure.
 Students discover this by drawing using geostrips, drawing diagrams, measuring in pairs and comparing results around the class.
Theorem 2:   	(i) In an isosceles triangle the angles opposite the equal sides are equal
(ii) Conversely, if two angles are equal, then the triangle is isosceles
Activities:	
Students draw their own isosceles triangle and then measure the angles.  Each        pupil will have a different triangle; compare results….. cut out and fold…
Use of geostrips:  put two identical triangles on top of each other, compare the equal angles and then flip the top one over…
Draw an isosceles triangle containing a 90⁰ angle and discover that the 45 setsquare is one of these.
Draw equilateral triangles in a variety of orientations and mark in equal parts.
Draw an equilateral triangle-also isosceles.
Real-life:	Word “iso” e.g. isobars, isotherm….architecture, pyramids, Maslow’s pyramid of human needs,  food-pyramids

Geometry Lesson Idea LC.3	
Revision
Theorem 3:	(i) If a transversal makes equal alternate angles on two lines, then the lines are parallel
(ii) Conversely, if two lines are parallel, then any transversal will make equal alternate angles with them.
*Theorem 4:   The angles in any triangle add to 180⁰(proof required for Higher Level only).
Theorem 5:     Two lines are parallel if and only if for any transversal, corresponding angles are equal.
New words: 	transversal, alternate, corresponding 
Activities:	Students draw 2 parallel lines, by drawing lines along both edges of a ruler (construction not done yet) and a line cutting across these.  Measure all the angles (protractor practice) and see what they notice; compare results across the class.
 The students draw (obvious) non-parallel lines with a transversal and check the same angles.
Ask them can they spot 2 “Z” shapes in the diagram and 4 “F” shapes. 
*Theorem 6:  	Each exterior angle of a triangle is equal to the sum of the interior opposite angles (proof required for Higher Level only). 
Don’t tell them the theorem first.  Have the students draw several cases and see if they can come up with the theorem.  
Very important to have triangles in various orientations

Geometry Lesson Idea LC.4
Revision
Construction 1:	Use of compass to bisect an angle
Construction 2:	Use of compass to draw the perpendicular bisector of a line segment
Construction 3:	Line perpendicular to a given line l, passing through a given point not on l
 (2 methods:  ruler and compass or ruler and set-square)
Construction 4:	Line perpendicular to a given line l, passing through a given point on l
 (2 methods:  ruler and compass or ruler and set-square


Geometry Lesson Idea LC.5
Revision
Construction 5:	Line parallel to a given line, through a given point
(“sliding” method or ruler and compass method)

         Axiom 5:  Given any line l and a point P, there is exactly one line through P that is parallel to l.
Construction 6:		Division of a line segment into 2 or 3 equal segments without measuring it

	Construction 7:		Division of a line segment into any number of equal segments without measuring it (Higher Level Only)




Geometry Lesson Idea LC.6
Revision
Revision of Triangles:	Use of geostrips, scalene, isosceles, equilateral, right-angled
Construction 10:	Triangle given SSS	Congruent triangles (Axiom 4)
Construction 11:	Triangle given SAS	Congruent triangles (Axiom 4)
Construction 12:	Triangle given ASA	Congruent triangles (Axiom 4)
More constructions of triangles with SSS, SAS and ASA	
AAS is not sufficient for congruence.
What about AAA for congruence? (Use  geostrip model s)

Geometry Lesson Idea LC.7(not required for Foundation Level)
Revision
Theorem 7:	The angle opposite the greater of two sides is greater than the angle opposite the lesser.  Conversely, the side opposite the greater of two angles is greater than the side opposite the lesser angle.
Go to www.projectmaths.ie for student activities on theorem 7.
(An understanding of the term proof by contradiction is required at LCHL only. See an example of this type of proof at this link)
Theorem 8:	Two sides of a triangle are together greater than the third.  
Go to www.projectmaths.ie  for student activities on theorem 8.
Geometry Lesson Idea LC.8
Revision
*Theorem 9:   In a parallelogram, opposite sides are equal, and opposite angles are equal.
(proof required for Higher Level only).
	Higher Level Only
Corollary 1:	A diagonal divides a parallelogram into two congruent triangles.



Theorem 10: The diagonals of a parallelogram bisect each other.
For a video demonstration of teaching this using manipulative resources go to  .   

Geometry Lesson Idea LC.9(not required for Foundation Level)
**Theorem 11:	If three parallel lines cut off equal segments on some transversal line, then they will cut off equal segments on any other transversal.
(proof required for Higher Level only)

Geometry Lesson Idea LC.10(not required for Foundation Level)
**Theorem 12:	Let ABC be a triangle.  If a line l is parallel to BC and cuts [AB] in the ratio 
m: n, then it also cuts [AC] in the same ratio. 
(proof required for Higher Level only)

Geometry Lesson Idea LC.11
**Theorem 13:	If two triangles are similar, then their sides are proportional, in order. 
(proof required for Higher Level only).
Go to www.projectmaths.ie for student activities on theorem 13.
See Geometry Lesson Idea Idea 12 in “Junior Certificate Guidelines for Teachers”, page 70.  This gives students an opportunity to discover the difference between similar and congruent triangles.  
Available at www.projectmaths.ie.
Geometry Lesson Idea LC.12
Enlargements 1
centre of enlargement , scale factor, object and image, rays
drawing enlargements 



Geometry Lesson Idea LC.13
Enlargements 2
Enlargements with scale factor less than 1
when a vertex is the centre of enlargement
finding the scale factor

Geometry Lesson Idea LC.14
Enlargements 3


when a figure is enlarged by a scale factor , the area of the image figure is increased by a scale factor 
Geometry Lesson Idea LC.15
Construction 13:	Right-angled triangle, given length of hypotenuse and one other side.
Construction 14:	Right-angled triangle, given one side and one of the acute angles           
Construction 15:	Rectangle given side lengths
*Theorem 14:	 [Theorem of Pythagoras] (proof required for Higher Level only)
For a video demonstration of teaching this using manipulative resources go to www.projectmaths.ie
Theorem 15:	[Converse to Pythagoras] If the square of one side of a triangle is the sum of the squares of the other two, then the angle opposite the first side is a right angle.
Proposition 9:  		(RHS) If two right-angled triangles have hypotenuse and another side equal in length respectively, then they are congruent.
Go towww.projectmaths.ie  for student activities on theorem 15.
See Geometry Lesson Idea Ideas 7, 8, 9, 10 and 11 in “Junior Certificate Guidelines for Teachers” Pp 66-69.  
Available at www.projectmaths.ie
Materials showing various proofs of Pythagoras are commercially available.
Geometry Lesson Idea LC.16 (not required for Foundation Level)

Introduction to Area
Theorem 16:	For a triangle, base x height does not depend on the choice of base.
 Definition 38:                 The area of a triangle is half the base by the height. 
In the case of each of these types of triangles: equilateral, isosceles, right-angled and obtuse-angled:

draw three diagrams for each type of triangle showing each side as a base and the corresponding perpendicular height
Theorem 17:	A diagonal of a parallelogram bisects the area.
For a video demonstration of teaching this using manipulative materials go to www.projectmaths.ie

Theorem 18:	The area of a parallelogram is the base times height.
Why is this?  See P. 74 of “Junior Certificate Guidelines for Teachers”. 
Available at www.projectmaths.ie.
		Students investigate the validity of the following statement and its converse: “Congruent triangles have equal areas”. 

Geometry Lesson Idea LC.17
Revision
	Higher Level Only:
*Theorem 19:   The angle at the centre of a circle standing on a given arc is twice the angle at any point of the circle standing on the same arc.  
Corollary 2:             All angles at points of a circle, standing on the same arc, are equal.



Corollary 3: 	        Each angle in a semi-circle is a right angle.
Corollary 4: 	              If the angle standing on a chord [BC] at some point of the circle is a right-angle,      then [BC] is a diameter.
	Higher level only:
Corollary 5:              If ABCD is a cyclic quadrilateral, then opposite angles sum to 180⁰.



Geometry Lesson Idea LC.18 (not required for Foundation Level)
Theorem 20:    (i) Each tangent is perpendicular to the radius that goes to the point of contact.
(ii) If P lies on the circle S, and a line l is perpendicular to the radius to P, then l is a tangent to S.
Corollary 6:  	If two circles intersect at one point only, then the two centres and the point of contact are collinear.

Geometry Lesson Idea LC.19 (not required for Foundation Level)
Theorem 21:	(i) The perpendicular from the centre to a chord bisects the chord.
(ii) The perpendicular bisector of a chord passes through the centre.

Go to www.projectmaths.ie for student activities on theorem 21.

Geometry Lesson Idea LC.20
[image: C:\Users\User\AppData\Local\Microsoft\Windows\Temporary Internet Files\Content.Outlook\2E9AFF4E\cd icon (2).jpg]Construction 18:	Angle of 60⁰ without using a protractor or set square.
[image: C:\Users\User\AppData\Local\Microsoft\Windows\Temporary Internet Files\Content.Outlook\2E9AFF4E\cd icon (2).jpg]Construction 19:	Tangent to a given circle at a given point on it.
[image: C:\Users\User\AppData\Local\Microsoft\Windows\Temporary Internet Files\Content.Outlook\2E9AFF4E\cd icon (2).jpg]Construction 20:	Parallelogram, given the length of the sides and the measure of the angles.
Geometry Lesson Idea LC.21(not required for Foundation Level)
Definition 45(page 37): medians and centroid 
[image: C:\Users\User\AppData\Local\Microsoft\Windows\Temporary Internet Files\Content.Outlook\2E9AFF4E\cd icon (2).jpg]Construction 21:	Centroid of a triangle
	
Is the centroid always inside the triangle?	
	[image: C:\Users\User\AppData\Local\Microsoft\Windows\Temporary Internet Files\Content.Outlook\2E9AFF4E\cd icon (2).jpg]Construction 22:   Orthocentre of a triangle (Higher Level students only)



Geometry Lesson Idea LC.22
[image: C:\Users\User\AppData\Local\Microsoft\Windows\Temporary Internet Files\Content.Outlook\2E9AFF4E\cd icon (2).jpg]Construction 16:	Circumcentre and circumcircle of a given triangle, using only straight edge and compass.
	Draw this for an acute-angled triangle, a right-angled triangle, an obtuse-angled triangle.
Is the circumcentre always inside the triangle? 
Where is the circumcentre in a right-angled triangle? 
(see Theorem 19, corollary 3)
[image: C:\Users\User\AppData\Local\Microsoft\Windows\Temporary Internet Files\Content.Outlook\2E9AFF4E\cd icon (2).jpg]Construction 17:	Incentre and incircle of a given triangle, using only straight edge and compass.
	Is the incentre always inside the triangle? 
	OPTIONAL:
Higher Level students might consider the concept of “Euler’s Line”. 
The orthocentre, centroid and circumcentre in any triangle are always in line and this is called Euler’s Line. 
The incentre is on Euler’s Line only in the case of an isosceles triangle.
In the case of an equilateral triangle, the orthocentre, centroid, circumcentre and incentre coincide.
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