The Purpose of this Document

The purpose of the attached questions is to begin to shift the the emphasis from teaching
problem solving to teaching via problem. The focus is on teaching mathematical topics
through problem-solving contexts and enquiry-oriented environments which are characterised
by the teacher 'helping students construct a deep understanding of mathematical ideas and
processes by engaging them in doing mathematics: creating, conjecturing, exploring, testing,
and verifying Specific characteristics of a problem-solving approach include:

« Interactions between students/students and teacher/students (Van Zoest et al., 1994)

o Mathematical dialogue and consensus between students (Van Zoest et al., 1994)

o Teachers providing just enough information to establish background/intent of the
problem, and students clarifing, interpreting, and attempting to construct one or more
solution processes (Cobb et al., 1991)

e Teachers accepting right/wrong answers in a non-evaluative way (Cobb et al., 1991)

e Teachers guiding, coaching, asking insightful questions and sharing in the process of
solving problems (Lester et al., 1994)

e Teachers knowing when it is appropriate to intervene, and when to step back and let
the pupils make their own way (Lester et al., 1994)

o A further characteristic is that a problem-solving approach can be used to encourage
students to make generalisations about rules and concepts, a process, which is central
to mathematics (Evan and Lappin, 1994).\

Although mathematical problems have traditionally been a part of the mathematics
curriculum, it has been only comparatively recently that problem solving has come to be
regarded as an important medium for teaching and learning mathematics (Stanic and
Kilpatrick, 1989). In the past problem solving had a place in the mathematics classroom, but
it was usually used in a token way as a starting point to obtain a single correct answer,
usually by following a single ‘correct’ procedure. More recently, however, professional
organisations such as the National Council of Teachers of Mathematics (NCTM, 1980 and
1989) have recommended that the mathematics curriculum should be organized around
problem solving, focusing on:

e Developing skills and the ability to apply these skills to unfamiliar situations

e Gathering, organising, interpreting and communicating information

e Formulating key questions, analyzing and conceptualizing problems, defining
problems and goals, discovering patterns and similarities, seeking out appropriate
data, experimenting, transferring skills and strategies to new situations.

e Developing curiosity, confidence and open-mindedness (NCTM, 1980, pp.2-3).

The questions attached to this document are intended to engage the students in problem
solving where the focus is on the process rather than the answers they ultimately achieve.
The problems are drawn from different syllabus strands and clearly can only be
introduced once the students have mastered the appropriate content and while the



problems are aimed at different levels, the more able students should be exposed to the
simpler problems before advancing to the more complex ones.

The following process may prove useful in engaging the students in the problem-solving
process.

Understanding
Does the student understated the problem.
Make sure that the students read and re-read the question and that
they identify all the clues, what they are being asked to find and any
conditions attaching to the problem.

A 4
Planning

Once the students understated the problem encourage them to plan a

solution and to identify appropriate strategies and tools, referencing

any similar problem they may have previously encountered. Can the

students explain their reasoning?

\ 4
Experimentation

Check to see if the agreed strategies work. Decide if each step in the

solution is correct. How do the students know that the steps are

correct? Can the students defend their reasoning?

\ 4
Reflection

Does the students’ solution valid?

Can the students show that the result is correct?

Can they suggest alternative methods of solving the problem?




Question 1
Suggested Level: Leaving Cert. Ordinary Level
A person wishes to move from a point A to a point E via a point C on a line segment

[BD]. The segments [AB] and [ED] are perpendicular to [BD]. If ‘AB‘szm,
| BD| =16kmand |ED| = 4km, find | BC|if the total distance travelled is to be a minimum.

AI
8 E
4
L ]
C
-4 '
16

Note for Teachers: It is not necessary to use calculus here, indeed a much neater
solution is found if geometry is used (the triangle inequality and similar triangles).
Get the students to draw a diagram and discuss the possibilities in order to see how to
proceed

Hint: Map E through [BD] and find the straight-line distance through C to [ED’]

Suggested Solution

i Reflect CE in the line BD. Image of CE = CE’. |CE|=|CE’|
i The shortest distance from A to E = shortest distance from A to E’ which is a straight line.
POA,
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Hence triangles ABC and CED are similar
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Question 2
Suggested Level: Leaving Cert. Ordinary Level

Three roads, as shown, join three villages A, B
and C.

The road lengths in two of the cases are shown
and two of the roads meet at right angles at B. A
mobile phone mast is to be erected in the area
between the villages as shown. It was suggested
that it would be fair to erect it at a point
equidistant from the three villages. Why was it
not possible to do so? It was then decided to
erect the mast at F, which is equidistant from the
three roads.

(@ How faris F from each road?

(b) Which village is now nearest

the mast?

Note for Teachers: Get the students to:

(@ Arrive at the names of the
points, which are (i) equidistant from the three points and (ii) from the three
roads.

(b) Discuss the properties of these points and to draw good diagrams.

(c) Recognise that as the triangle is right-angled this has consequences for the
location of the circumcentre and that the radius of the incentre is the altitude
of triangles containing F and the vertices of the triangle

Hint: Find the area of the triangle and of the three triangles containing F and the
vertices of the triangle.




Suggested Solution

The mast can’t be placed at a point equidistant from the three villages as it will lie on the road
AC. The triangle is right-angled and so the circumcentre is the mid-point of the hypotenuse.

So we need to find the incentre

We can generate three equations form the diagram above:
p+q=10
p+r=3_8
qg+r==6
Radius of Incentre is 2 and B is closest to the mast

. -
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Question 3
Suggested Level: Leaving Cert. Ordinary Level

2. The diagram shows part of the specification diagram for a metal washer. The line
segment DC is 36 mm long. Find the area of the annulus (shaded region).

If the washer is 0.1 mm thick find the volume of metal in the washer.

If 1.cm’ of the metal has mass 5g, find the mass of the washer.
If the material from which the washer is to be manufactured costs €250.00 per tonne,

find the cost of manufacturing 120,000 washers

Note for Teachers: Get the students to:
(@) Research the relevant circle theorems.
(b) Find a general equation for the area of any annulus.
(c) Construct a radius (R) for the outer circle to D and for the inner circle to the

point of tangency (call this r).

Repeat the question above where the sides of the equilateral triangle, shown, are of
length 6 cm




Suggested Solution

The solution requires that we recognise that a diameter drawn at right angles to a chord
bisects the chord

A

Therefore R* =8+ 7" and R* —»° =8. Therefore nR* — mr’ = 8w. The rest follows.
The second diagram is approached the same way. See diagram

Solution: €15.27



Question 4
Suggested Level: Leaving Cert. Higher Level

At a certain latitude the number (d) of hours of daylight in each day is given by
d = A+ Bsinkt°, where A and B are positive constants and t is the time in days after the spring
equinox.
Assuming the number of hours of daylight follows an annual cycle of 365 days; find the
value of k correct to three decimal places.
(@) If the shortest and longest days have 6 and 18 hours of daylight respectively
state the values of A and B.
(b) Find in hours and minutes the amount of daylight on New Year’s day which
is 80 days before the spring equinox.
(c) Atown at this latitude holds a fair twice a year on days that have exactly 10
hours of daylight. Find, in relation to the spring equinox, which two days
these are.

Suggested Solution
d = A+ Bsin(kt)
Period = % =365 days

k = 2—“ =0.0172=0.017 (using radians)
365
360
365
_18+6
===
18-6

B="—""=6
2

d =12+ 6sinC20 1)
365

k =0.986 (using degrees)

A 12

f(x) =12 + 6 sin(360 / 365 x)

g(x) =12 + 6 sin(x)




Suggested Solution continued
(b)
d=12+ 65in(@ (-80)) =6.11 hours
365

(c)

10=12+ 65in(@)t

365
-2= 63in(@)t
365

—0.333 =5in(0.9863t) = sin(x)
sin(x) =—-0.333= x=-19.47° =340.53 or x=180+19.47 =199.47°
x =340.53" =0.9863t

34053
~0.9863
Is the Spring equinox 21 or 22 March?
~199.47
~0.9863

t

=345.26 i.e approx 21 days before Spring equinox ~ March1* / Feb28th

t=t =202.24 days after the Spring equinox ~ Oct 9"




Question 5
Suggested Level: Leaving Cert. Higher Level

If the depth of water in a canal varies between a minimum 2 m below a specified buoy mark
and a maximum of 2 m above this mark over a 24-hour period. Construct a formula involving
a trigonometric function to describe this situation. [Note: for this problem 1 day = 12 hours]

The road to an island close to the shore is sometimes covered with water. When the water
rises to the level of the road, the road is closed. On a particular day, the water at high tide is
5 m above the mean sea level. Show that the height of the tide is modelled by the equation
h =5coskt® where t is the time in hours from high tide and h is the height of the tide in
metres. If high tide occurs every 12 hours find:

(@ The value of k. (Ans. 30)

(b) The height of the road above sea level if the road is closed for 3 hours on

the day in question. (Ans 3.52 metres)

If the road were raised so that it is impassable for only 2 hours 20 minutes, by how much was
it raised?

Note for Teachers: The motion of the water is essentially simple and harmonic and obeys
and can be modelled by either the sin or cosine functions

Diagram showing 5cos(x)

(d) Ask the students to establish the period of the cycle and relate this tokt .
(e) Ask them to find the range of the function and relate this to the height of the
high tide.

10




Suggested Solution
(@)
y = A+ Bsin(kt)

360, 360

Period =24 hours=s— =k =——=15
k 24

y = A+ 2sin(15t°%)

A is the depth of the water up to the buoy
(b)

h =5cos(kt)

360 1, 360

Period= —=12=k 30
k 12

/N /™

(©)

Twice in the cycle : g =1.5 hours each time

As maximum height of water is 5 m it must be from 5m to the level of the road for the first
1.5 hours and once again from the level of the road to 5 meters starting at 10.5 hours into the
cycle.

h=5c0s(30(1.5)) =5c0s(45) =3.54 m

(d)

2h20m _ ;1 0m=1.1667h

h=5c0s(30(1.1667))=5c0s(35.001)=4.096m
Road has been raised by 4.096-3.54=0.556m

11



Question 6
Suggested Level: Leaving Cert. Higher Level

A line has equation y=3x+5. Show that the distance from (1,2)to any point on the
line is given by: d=,/(x—1) +(y—2) , and show that

@ & =(x—1)+(Bx+3)

(b) > =10x*>+16x+10

(c) By completing the square show that the minimum value for d is gx/ﬁ

Suggested Solution

Note: Completion of the square as an alternative method to using calculus for finding the
minimum value of a function
A line has equation y=3x+5. Show that the distance from (1,2)to any point on the line is
given by: d = \/(x— 1Y +(y—2)* , and show that

@ & =(x-1)y+Gx+3)

(b) @ =10x>+16x+10

(c) By completing the square show that the minimum value for d is gx/ﬁ

12




Question 7
Suggested Level: Leaving Cert. Higher Level

The Point O is the intersection of two roads that cross at right angles as shown. One car
travels towards O from the north at 20ms™ while the second travels due east towards O also
at 20ms™".

20ms™ 20msll ®

80m

100 m o

(@  Show that after t seconds their distance apart, d, is given by
d=1/(100-20¢) +(80—-20¢)
(b)  Show that this simplifies to
& =400[ (5-1F +(4-1) |
(c)  Show, without using calculus, that the minimum distance between the two cars

iS 10v2m .

Suggested Solution

Each point on the line is of the form (x, 3x+5)
Distance of (1,2) from (x, 3x+5) is

d = yJ(x—1) +(3x+5-2) =(x~-1)" +(3x+3)° = V10x* +16x+10

d= J_O/x +—x+1 \/_Ofx +=X+1= J_\/x += x+( —j +1—(+gj2

dJ_( ]+

25

Minimum value of d is atx:—g and d :«/1_02

13



Question 8
Suggested Level: Leaving Cert. Higher Level

The diagram below shows a velocity/time graph for a car moving along a flat road. The total
journey time is 5 minutes.

10

v/ms”

15 30 45 60 75 90 105 120 135 150
Time/s

Find:
(@) The acceleration for the three different phases of the journey.
(b) The total distance travelled.
(c) Find the average velocity for the journey

Suggested Solution

Acceleration = slope of the velocity time graph

-2

For the first 30 s, acceleration = i ms

30 15
Between 30 s and 105 s, acceleration =0 m s

Between 105 s and 150 s, acceleration =- 4% m s

(b)
The total distance travelled = (average velocity)(time) = area under the velocity time graph
= 0—28 (30) +8(75) + O—;S (45) =120+600+180=900 m

Average velocity for the journey = Total D|s_tance = 900 =6ms
Total Time 150




Question 9
Suggested Level: Leaving Cert. Higher Level

The graph below shows the velocity/time graph for a body rising vertically against gravity.

Velocity
(ms™)

@0

iE "4
Time (s)

If the body was thrown from an initial height of 8 m above the ground, draw a graph of the
height of the body against time and find:

(@ The velocity with which the body was initially thrown

(b) The greatest height reached

(c) The time taken for the body to strike the ground.

15




Suggested Solution

(@) Initial velocity is 10 ms™
From the diagram the initial velocity upwards = 10 m/s
The final velocity = 0 m/s and the time elapsed is a little more than 1 second. The
acceleration is constant. A student might estimate the acceleration as being equal to -
10 m/s® but -9.8 m/s* would be more accurate.
v=(10-9.8t)
jvdt = distance travelledzj(lo —9.8t)dt =10t —4.9t* +¢
Att=0height =8 m=c=8

s=h, +ut +%gt2 =8-+10t —4.9t* equation (i)

(1,13.1)

(1.5,11.98)

(b) According to the graph and estimate of the greatest height reached is 13.1 m
Using calculus:

V=$=10—9.8t=0:>t=1.025

(c) When it strikes the ground s=0
s=8+10t—4.9t* =0
Solving for t gives , t =-0.61and t = 2.66
The time at which it hits the ground is t =2.66 s

16



Question 10
Suggested Level: Leaving Cert. Higher Level

The rate at which a radioactive sample decays is given by the equation
oN _
dt
where A is the decay constant and N is the number of nuclei in the sample.

-AN

The minus sign indicates that the number of nuclei decreases with the passage of time.
Write down similar equations to represent the following statements:
(a) The rate of growth of bacteria is proportional to the number of bacteria present
(b) The rate at which an object cools in an ambient room is proportional to the difference
between its temperature and that of the room.

Suggested Solution

(a) %—T o« N= dd—l:l =kN where N is the number of bacteria present at any time t

(b) This involves Newton's Law of Cooling

Under conditions of forced convection i.e. in a steady draught
Rate of loss of heat o« (6—-6,) where 6

is the temperature of the object in surroundings of temperature 6,

% «(0-6,)= Z—? =-k(0-6,) Note: —k because the object is cooling.

17




Question 11
Suggested Level: Leaving Cert. Ordinary Level

The cost encountered by a firm which makes dresses are of two types:
Fixed costs of €2000.00 per week and production costs of € 20 for each dress made.
Market research indicates that if they price the dresses at €30.00 each they will sell 500 per
week and if they set the price at €55.00 they will sell none. Between these two extreme
values, the graph of sales against price is a straight line.
If the company prices the dresses at € X a pair where 30 <X <35 find expressions for

(a) The weekly sakes

(b) The weekly receipts

(c) The weekly costs

Hence show that the profit € P is given by P =-20x"+1500x —24000and find the price at

which each dress should be sold to maximise the profit.

Suggested Solution
X = Price per dress

y = Number of dresses sold per week
(55,0) and (30,500)

Slope = _500
25

y —500 =—-20(x—30)
Weekly sales: y=-20x+1100
Weekly receipts R = (Number of dresses sold per week)(Price/dress)
R =(-20x+1100)(x) = —20x* +1100x

Weekly Costs = Fixed Costs per week + (Cost/dress)(number of dresses sold per Week)
2000 +20(—-20x+1100)
2000 —400x + 24000

= 24000 —400x
Weekly profit = Receipts —Costs

P = —20x* +1100x — 24000 + 400x = —20x* +1500x — 24000

Maximum profit : (:TT =—-40x+1500=0= x=37.5

d*P

pTe = —49at x=37.5. Hence maximum at x =37.5




Question 12
Suggested Level: Leaving Cert. Higher Level

The diagram below shows a portion of the graph of the function f(x)=ax’*+bx+c and a
chord of the function passing through the points A (0,-2) and B (2,2) respectively. The
minimum point of the curve is at x = 0.5
Find:

(a) The value of a, b and c.

(b) The average rate of change from A to B

(c) The point on the curve where the instantaneous rate is equal to the rate in (b), above.

Suggested Solution

(@ (0,-2)isony=ax’+bx+c=c=0
(2,2)isony=ax*+bx+c=2a+b=2
atx=0.5Min= 2ax+b=0=2a(0.5)+b=0

Solving between various equations
c=-2, a=2 and b=-2
f(x)=2x"-2x-2

Difference ofys  2—(-2) 4 _
Difference of xs 2-0 2

(b)  Average Rate of change =

(c) Instantaneous Rate of change :g—y =4x-2=2=x=1
X

atx=1 y=-2 Pointis (1,-2)

19



Question 13
Suggested Level: Leaving Cert. Higher Level

The diagram shows a sketch of the graph of f (x) = x—x> together with the tangent to the
curve at the point A (1,0).

Find the equation of the tangent at A and verify that the point where the tangent again meets
the curve has coordinates (-2,6).
Use integration to find the area of the region bounded by the curve and the tangent, giving

your answer as a fraction in its lowest terms.

Suggested Solution

Slope of tangent at (1,0) % =1-3x* =>1-3(1)° =-2
Equation of tangent at (1,0) y-0=-2(x-1) = y=-2x+2

Is (—2,6) on the curve and tangent?

Curve: y=x-x> =6=-2—-(-2)° This is true

Line: y=-2x+2 =6=-2(-2)+2 Thisis true

. (=2,6) isonthe line and curve so it is an intersection point.
Last part is simple area under Integration.

20



Question 14
Suggested Level: Leaving Cert. Higher Level

The diagram below shows part of the curve of f(x)=x",n>1

Show that the curve divides the area of the rectangle OAPB into two regions whose
areas are in the ratio n:1.

Suggested Solution

X X Xn+l X Xn+1
jo de :-[0 x"dx :{ :| = = Area A
n+1j,

n o 1 | %H X n+l n+1
L xdy=f0 yrdy = ] =n21{(x”)" }:rr]]erl:AreaB

AreaB _(nx"")
Area A '

21



Question 15
Suggested Level: Leaving Cert. Ordinary Level
The diagram shows part of a circle having centre at (0,0) and radius of length 5.

(a) Use the trapezoidal rule with 5 intervals to find an approximation to the area of the
shaded region.

(b) Does the trapezoidal rule
overestimate or underestimate the
true area

(c) Find the exact area of the shaded
region

(d) Use the answers from (b) and (c) to
estimate a value for pie.

(e) Find the percentage error in the

estimated area.

Suggested Solution

Using the table below apply the trapezoidal rule from the table book.

x | 0 1 2 3 ] 4 | 5
fx) | 5 |4.899|4583| 4 | 3 | O

Using these values the area using trapezoidal rule is 18.982 sg. units.

A :%nrz =18.982

= n=3.03712

22



Question 16
Suggested Level: Leaving Cert. Ordinary Level

The diagram below shows part of a security barrier placed above a gate at St. John’s College,
Johannesburg, South Africa. The barrier is in the shape of a semicircle with a number of
evenly- spaced vertical bars running through it. The semicircle is then decorated with smaller

circles as shown A

y
4

48 em 12 em

The vertical bars in the semi-circle are evenly spaced with a gap of 12 cm between successive
bars. The exterior diameter of circles A and B is also 12cm. The centre of circle A is
vertically above the first vertical bar inside the inner semi-circle. The centre of circle B is
vertically above the right edge of the inner semicircle. How far apart on the semi-circle are
the points of tangency of circles A and B to the semi-circle? The situation is illustrated in the

diagram below. (Source: Alabama Journal of Mathematics).

Suggested Solution

66 66
B
48 60
cos A = 48/66 cos B = 60/66
A =43.34° B =24.62°
A—-B=18.72°

Length of arc = rf(radians) = 60(0.03267) = 19.6 cm

23



Question 17
Suggested Level: Leaving Cert. Higher Level

Bailenahare and Cathairtortoise are 160 km apart. A hare travels at 12 km per hour from
Bailenahare to Cathairtortoise, while a tortoise travels at 4 km per hour from Cathairtortoise
to Bailenahare. If both set out at the same time, how many kilometres will the hare have to

travel before meeting the tortoise en route?

Suggested Solution

The hare and the tortoise are together covering the distance at 16 km per hour (adding their
speeds).
So, they will cover the distance of 160 km in 10 hours.
Thus, in 10 hours, they will meet and the hare will have travelled 120 km.
or
Distance = Speed x Time
Let t be the time before the hare and the tortoise meet. In t hours, the hare will travel 12 t km.
In t hours, the tortoise will travel 4 t km.
12t+4t=160t =10 hours. Distance travelled by hare before meeting = 10 x 12 = 120 km.

24



Question 18

Suggested Level: Leaving Cert. Ordinary Level

The distance between Athlone Station and Huston Station is 120 km. A train starts from
Athlone towards Heuston Station. A bird starts at the same time from Heuston Station
straight towards the moving train. On reaching the train, it instantaneously turns back and
returns to Heuston Station. The bird makes these journeys from Heuston Station to the train
and back to Huston Station continuously till the train reaches Heuston Station. The bird
finally returns to Heuston Station and rests. Calculate the total distance in km the bird travels
in the following two cases:

1. the bird flies at 80 km per hour and the speed of the train is 60 km per hour.

2. the bird flies at 60 km per hour and the speed of the train is 80 km per hour

Suggested Solution
Case 1:

The train (at a speed of 60 km per hour) travels 60 km in 60 minutes.

Therefore, the train travels from Athlone to Heuston Station (120 km) in 120 minutes.
Importantly, the bird makes the journeys continuously back and forth for this same amount of
time (namely, 120 minutes). Thus, the total distance travelled by the bird = 80 km per hour x
120 minutes = 160 km.

Case 2:

In 60 minutes, the bird travels 60 km, the train travels 80 km, and the two meet.

Now, the train (which is travelling at a speed greater than that of the bird) will reach Heuston
Station before the bird.

So, the bird simply returns to Heuston Station (a return journey of 60 km).

Thus, the total distance travelled by the bird is 120 km.

25



Question 19
Suggested Level: Leaving Cert. Ordinary Level

There is a pole in a lake. One-half of the pole is in the ground, another one-third of it is

covered by water, and 9 m is out of the water. What is the total length of the pole in m?

Suggested Solution

Fraction of pole in the ground = 1/2

Fraction of pole covered by water = 1/3

Fraction of pole in the ground and covered by water = 1/2 + 1/3 = (3 + 2)/6 = 5/6
Fraction of pole out of water = 1 - 5/6 = 1/6

Thus, one-sixth of the pole (out of water) is 9 m.

So, total length of pole = 54 m.

It may be noted that:
Length of pole in the ground = 54/2 = 27 m.
Length of pole covered by water = 54/3 = 18 m.

Length of pole out of water =9 m.

The problem may also be solved by setting up the following equation: x/2 + x/3 + 9 = x
where x denotes the total length of the pole in m.

The equation may be solved as shown below.

5x/6 + 9 =X

9=x-5x/6 =x/6

X/6 =9 o0rx=54m.

26



Question 20
Suggested Level: Leaving Cert. Ordinary Level

In the following two groups of shapes, which does not belong to the group?

Explain your answer in each case.

1= A ML

Set 1.

Set 2.
Suggested Solution
1. The triangle is the odd one out because it has only 3 line segments.

The other figures have 4 line segments.
2. The figure with the hexagon inside the pentagon is the odd one out.

In the other figures, the polygon inside has one side less than the polygon outside.

27



Question 21
Suggested Level: Leaving Cert. Ordinary Level

In the following sequence of numbers, give the next two numbers in the sequence.
Explain your answer in each case.
a) 1,3, 6,10, 15, 21, 28,

by 01,1,23,5,813,21,34,
c)  2,6,12,20,30,42,56,

d)  1,2,624,120,

e)  1/4,0,1,-3,13,-51,205,
f)  1,2,10,37,101,

g  7,26,63 124,215

h)y 2,517,65257

) 361,289,225 169,121

i) 96, 88,80, 72,64,

Suggested Solution
a), 1,1+2,1+2+3,1+2+3+4 e,
The nth term in the sequence is given by n (n + 1)/2, and the numbers are often referred to as
triangular numbers.

b) 0+1,1+1,1+2,2+3,3+5.........

Each term (starting with the third term) in the sequence is the sum of the two terms preceding
it. The series is often referred to as the Fibonacci series.

Fibonacci (1175) believed that this series was followed by various natural phenomena. In
fact, the number of leaves on the stems of particular plants

follows this series.

). (1)), 2)(3), B)A), (A)(B)-rrrrrrreeerrrrrrsrrerreenee

The nth term in the sequence is given by n (n + 1).



Suggested Solution Continued.

d). 1, (1)2), WQ)3), WR)B)A)serrrrrrrrrrrrrrrrrrerrrereeen

The nth term in the sequence is given by n! (factorial of n), which is defined as the product of

all integers from 1 to n.

e).
4(1/4) - 3(0) = 1;
4(0) - 3(2) =-3;

4(1) - 3(-3) = 13;

4(-3) - 3(13) =-51;

4(13) - 3(-51) = 205;

4(-51) - 3(205) =-819;

The nth term in the sequence is given by t, =4 t,., - 3 t,.1.

A term (starting with the third) in the sequence is a linear combination of the preceding two
terms. So, let the nth term in the sequence be given by

th=at,.o+bt,.1. Forn=3,1=2a(1/4) + b(0). Forn =4, -3=a(0) + b(1)
Thus,a=4and b =-3.

f), 2-1=1;10-2=8;37-10=27;101- 37 = 64;

The differences between two consecutive numbers are 1, 8, 27, 64, ... (cubes of integers
starting with 1).

So, 101 +5° =101 + 125 = 226

9)-

The terms are merely one less than the cubes of integers starting with 2. Thus,
2°-1=8-1=7;3%-1=27-1=26;4°-1=64-1=63;
5°-1=125-1=124;6°-1=216-1=215;7°-1=1343-1=342;

h).

The terms are merely one more than the powers of 4. Thus,
LP+1=1+41=2;4"+1=4+1=54+1=16+1=17,
4*+1=64+1=65;4"+1=256+1=257;4°+1=1024 + 1 = 1025;

i). The terms are merely the squares of odd integers starting with 19 in descending order.
Thus,

19?2 =19 x 19 = 361; 17° = 17 x 17 = 289; 15° = 15 x 15 = 225;

13%=13x 13=169; 11° =11 x 11 = 121;

J). A simple sequence starting with 96 and continually decreasing by 8.



Question 22
Suggested Level: Leaving Cert. Ordinary Level

| have 15 cards numbered 1 to 15. I put down seven of them on the table in a row.

The numbers on the first two cards add to 15.The numbers on the second and third cards add
to 20.The numbers on the third and fourth cards add to 23.The numbers on the fourth and
fifth cards add to 16. The numbers on the fifth and sixth cards add to 18. The numbers on the
sixth and seventh cards add to 21.

What are my cards?

Can you find any other solutions?

How do you know you've found all the different solutions?

Suggested Solution

Two solutions suggested here 8, 7, 13, 10, 6, 12,9 6,9,11,12, 4,14, 7
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Question 23
Suggested Level: Leaving Cert. Ordinary Level

A C

In the diagram above, the triangle ABC is right-angled at A. BD is perpendicular to BC and is
equal in length to BC. E is the foot of the perpendicular from D to AC and F is the foot of the
perpendicular from B to DE. Prove that

(i)  |«£FBD|=|£ABC|

(i)  |BF|=|BA|
(iii)  |DE|=[BA|+ |AC].

Suggested Solution

(i)
| £DBF|+|ZCBF|=90°.......ccooovvvvvviiunnnnn Given |£CBD|=90°
| ZABC|+| ZCBF|=90°.......coovvvvrrrrrrnnenen As|£BAC| =90°,| LAEF|=90°nd |ZEFB|=90°

Therefore |/FBD|=|ZABC|.

(i)

The triangle BFD and the Triangle BAC are similar.

Therefore BF _BD but BD=BC......Given. .. BF = BA.
BA BC

(iii)

To prove |DE| = |BA| + |AC|.

The triangle BFD and the Triangle BAC are similar.

Therefore AC =i but BF =BA.....ABFE isasquare. .. AC = DF.
DF BA

Is |DE| = [BA| + |JAC|?

IDE| = |EF| + |FD|
IDE| = |[EF| + |AC| ceeiieeeieeens from above |AC| = |DF|
IDE| = |BA| + |AC|..covviieiiecreie as ABFE is a square.



Question 24
Suggested Level: Leaving Cert. Ordinary Level
F
E
A H
P
G
B C
In the diagram above, ABEF and ACGH are squares. BH and CF meet at P.
Prove that the triangles ABH and AFC are congruent.
Suggested Solution . ;
H
A
B
c
In the triangles BAH and FAC
|AH| = |AC|............. sides of a square.
IBA| = |FA............. sides of a square.
|ZFAC|=|£BAH| ... As |£FAC|=|£BAC|+90° and |ZBAH|=|£BAC|+90°
Therefore BAH and FAC are congruent ............ SAS = SAS.



Question 25
Suggested Level: Leaving Cert. Higher Level

O is a point inside an acute-angled triangle ABC. The feet of the perpendiculars from O to
BC, CA and AB respectively are P, Q and R. Prove that

[PB[" ~|PC[" =|0B[" ~|oc

Toprove |PB| —|PC|’ =|0B|* -|OC|

In the triangle BOP  |PB[" =|0B|" ~|OP[

In the triangle POC |PC|2 :|OC|2 —|OP|2

We want to show |PB|" —|PC|" =|0B|" -|OC|
Replacing |PB|2 and | PCJ?

s (|08[" ~|oP[*)-(locf - |oP[* | =[oBf - |ocf
Removing brackets

Is |0B[ —|oP[" —|oc[ +|oP[ =|oB[" —|oc[
Therefore |PB|" ~|PC|* =|0B[ -|oC[*



Question 26
Suggested Level: Leaving Cert. Ordinary Level
A cone and a cylinder, made from lead each have a radius r cm and height of 2r cm. A sphere
is also made from the same material and has also a radius of r cm. Find
Q) The ratio of the volumes of these lead shapes.

(i) The ratio of the curved surface areas of these lead shapes.

Suggested Solution

Volume of Cylinder = 7zr*h = zr?2r = 2zr®
Volume of Cone = 17zr2h = 17zr22r :gnr3
3 3 3
Volume of Sphere = %;zﬁ
=3:1:2

Ratio: Volume of Cylinder : Volume of Cone : Volume of Sphere = 1:

Wl
w|N

The same method is used for the ratio of the curved surface areas.
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Question 27
Suggested Level: Leaving Cert. Ordinary Level

|

- Commercial aircraft fly at altitudes of between 29,000 and 36,000 feet
(between 9 and 11 kilometres). An aircraft begins its gradual descent a

long distance away from its destination airport. We will assume that the

trn008 www.foto:

path of descent is a line.

Q) An aircraft is flying at an altitude of 10 km and the angle of descent is 2 degrees
(descending at an angle of 2° to the horizontal). At what distance from the
destination runway should the descent begin?

(i) Anaircraft is flying at an altitude of 9.3 km. A passenger becomes ill and the
pilot needs to land at the nearest airport which is 200 km away. What will the

angle of descent be?

Suggested Solution

] .. 9.3
- (i) x= =286 km (ii) @ =tan*(—=)=2.7°
® tan 2° (i (200)

Question 28
Suggested Level: Leaving Cert. Ordinary Level

Standing in the foreground of this picture on the shore of the lake, a forester wishes to
calculate the height of one of the trees across the lake. He marks a line [AB] along the shore
and measures it using a 100m tape measure. He takes the base of the tree to be located at a
point C. Using a theodolite (surveying instrument used for measuring angles) he measures
|<ABC]| and [<BAC]|. From A, he measures the angle of elevation 0 of the top of the tree.
Sketch the situation.

How will he use the measurements taken to calculate the height of the tree? The forester is
185 cm tall.

Use a set of possible measurements to calculate the height of the tree. (Do you think your

Suggested Solution

Use the Sine rule to calculate |AC|. 1.85m + |AC| Tan™ 0 = height of the tree


http://images.google.ie/imgres?imgurl=http://www.letsblogconstruction.com/photos/uncategorized/2008/08/26/s6_surveyor.jpg&imgrefurl=http://www.letsblogconstruction.com/letsblogconstruction/2008/08/the-difference.html&usg=__98yCIHmiam-M9UyXi9DK2REUkE8=&h=431&w=394&sz=21&hl=en&start=5&itbs=1&tbnid=mp0Fft3203GQZM:&tbnh=126&tbnw=115&prev=/images?q=a+theodolite&gbv=2&hl=en

Question 29

Suggested Level: Leaving Cert. Ordinary Level
A developer asks a surveyor to calculate the area of a site which can be approximated to a
pentagon as shown below. The surveyor uses a theodolite to measure all the given angles.
The surveyor does not need to use the theodolite to measure the 5 angle in the diagram.
What is the measure of the missing angle?

Find the area of the site. W
A hectare is 10000 m?.

What fraction of a hectare is this site?

22.2m

222 m

Suggested Solution

Since the shape may be divided into 3 triangles the total measure of all the internal angles is
540°. Hence the missing angle is 540° — (92+137+68+124)° = 119 ° (or using isosceles
triangles |[<AEB|=|<ABE|= 44°, |<BDC|=|<DBC|=56°, |<BDE|= 68°, |<EBD|=37°, |<BED| =
75°, hence |<AED| = 119°).

Area ABE = %(22.2)(22.2)sin 92° =246.27 m?

Area BCD :%(29.6)(29.6)sin 68° = 406.2 m? 22

|BE| = Jzz.zz +22.2° ~2(22.2)(22.2)c0s92 =31.94 m

|BD| =/29.67 +29.6% — 2(29.6)(29.6) cos 68 = 33.10 m

|< EBD|=37"
Area EBD = %(31.94)(33.10)sin 37°=318.12 m?
Avrea of the site = (246.27+406.2+318.12) m 2= 970.59 m?= 0.097 hectares ~ 0.1hectares



Question 30

Suggested Level: Leaving Cert. Ordinary Level

(Using a theorem)

The width of a quarry between two points A and B has to be measured. The quarry is flooded

after heavy rain and is inaccessible.

It is decided to find the distance from a point P to each side of the quarry as shown below
using a trundle wheel.

The midpoint of [AP] and [BP] are then found and marked as X and Y. The distance |XY]| is
measured and multiplied by 2 to give the width of the quarry. Two theorems are being
applied here? Can you state them?

Suggested Solution

Converse of Theorem 12 and Theorem 13. If a line cuts 2 sides of a triangle in the same ratio
then that line is parallel to the base of the triangle. If two triangles are similar then their

corresponding sides are proportional.

If a new point Z was marked on [PA] so that |PZ|= @ how could the theorem be applied
to measure |AB|?

Solution: Mark a point W on [PB] so that |PW|= @
Measure |ZW|.

IAB| = 31ZW|
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Question 30

Suggested Level: Leaving Cert. Ordinary Level

(Using trigonometry):

In the above question, if the ground between AB and P was inaccessible due to being

waterlogged the surveyors would need to come up with a different technique.

R

S

A suggestion was made that a base line RS would be marked out where the ground was drier
and then its length accurately measured. Then points A and B would be sighted from points R
and S and <ARB, <BRS, <ASR, and <BSA measured. How can this information be used to
measure the distance AB? Possible values can be used for |RS| and the angles listed in order

to test the methodology.

Suggested Solution
Use Sine Rule to find |RX|, then |RB].

|RB| - |RX| = |BX.| Similarly find |AX]|.
Use Cosine rule to find |AB|.
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Question 31
Suggested Level: Leaving Cert. Ordinary Level

The mast of a crane (AC) is 100ft in height.

By adjusting the length of the cable, (from A to B)

the operator of the crane can raise and lower the boom.

(a) What is the minimum distance possible from A to B?

(b) When the boom of the crane, (CB), is fully lowered

point B is on the horizontal ground.

At this stage the size of the angle ACB is 120°.

What is the length of the cable now between A and B, to the nearest foot?

(c) If point C is 4ft above the ground when, how far is the point B from the base of the crane

(line AC) when the boom is fully lowered to the ground? (to nearest foot)?

Suggested Solution
(@)_.Minimum |AB| = 200 ft.
(b) |AB|=1/100° +300° — 2(100)(300) cos120° = 360,56 = 361 ft
(c) Distance from line AC =+/360.56° — 4% =360.53 ft
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Question 31
Suggested Level: Leaving Cert. Ordinary Level

A

Threaded Rod

A car jack as in the picture above consists of a pair of triangles with one common side which
is variable in length.
The side AX, AY, XB and BY are all the 18 cm long.
Points X and Y are connected by a threaded rod.
The rod can be rotated in either direction thus increasing or decreasing |XY/| depending on
the direction in which it is rotated.
(i) What is the minimum value of |XY| needed so that when the jack is stored points A
and B are as close as possible.
(if) As |XY]| decreases how do the angles in triangle AXY change?
(I<AXY| and |AYX| increase and | XAY| decreases)
(iii)How does the height (h) of the jack depend on the height of triangle AXB (H) drawn
from point A to base XY?
(iv)When the |XY| = 20cm, find |AB|?
(29.93 cm)
(V)If XY|=w and |AB| = h, write h in terms of w.
(vi) For what values of w does the relationship between h and w represent a function?

(vii) Plot a graph of the relationship between h and w and describe its shape.

Suggested Solution

(1) (36cm)
(if) |<AXY|and |AYX]| increase and | XAY]| decreases.
(i) (h=2H)

(iv) |AB|=2418%-10" =29.93 cm
2 2
o [0y
2 2
2
h=2 ’182 —(%) Letting |XY|=w

h=+/1296—w* 40
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Question 32
Suggested Level: Leaving Cert. Ordinary Level

A kite is a quadrilateral which has two pairs of adjacent sides which are equal in length.

(i) Plot the following coordinates. A(6,3), B(8,-1), C(6,-5), D(-8,-1). Do the coordinates
when joined appear to form a kite? From the information given verify whether or not
they form a kite.

(if) The lines joining opposite vertices of the kite are called cross braces. Find the
midpoint of each cross-brace ([AC] and [BD].

(iii)Verify that the midpoint of [AC] lies on [BD]

(iv) By showing that slope DE = Slope of EB or by finding the equation of DB and
substituting E into this equation, one can verify that the midpoint of [AC] lies on [BD]

Suggested Solution
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Question 33
Suggested Level: Leaving Cert. Ordinary Level

A recent advertisement for a particular model of car gave the fuel consumption figures shown

in the table below.

Category of Miles per gallon | Litres per 100 km
travel

Urban 28.5-32.8 9.9-8.6
Non-urban 51.4 -53.3 55-5.3
Combined 39.8 -43.5 71-6.5

Based on this table, and assuming that this model of car is used, find each of the following
correct to one decimal place. Explain your reasoning.

a. The most miles of urban travel that can be expected on a full tank (13.2
gallons) of fuel

b. The maximum distance (in kilometres) for combined travel that can be
expected on a full tank (60 litres) of fuel.

c. The minimum number of additional litres of fuel that are needed to complete a
non-urban journey of 1500 km, assuming there is a full tank (60 litres) of fuel
at the start.

d. The minimum number of litres of fuel that should be in the tank at the start in
order to be certain of completing the journey described at (iii) above, if only

one re-fuelling stop is permitted during the journey.

Question 34
Suggested Level: Leaving Cert. Ordinary Level
A patient is prescribed daily medication that must contain at least 5 units of vitamin A and at

least 9 units of vitamin B. These vitamins are available in both tablet and capsule form. Each
tablet contains 2 units of vitamin A and 1 unit of vitamin E. Each capsule contains 1 unit of
vitamin A and 3 units of vitamin E.
() Ifxandy are the daily doses of tablets and capsules respectively, write down two
inequalities in x and y.

(i) If the combined number of tablets/capsules the patient takes in a day must not exceed
6, list the combinations of tablets and capsules that satisfy the patient’s medication
prescription.

(i) If each tablet costs 20 cent and each capsule costs 50 cent, what is the minimum and

what is the maximum daily cost of the medication?
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Question 35
Suggested Level: Leaving Cert. Higher Level

Two functions are defined as follows:

f(x) = (3 + x)(2 —x) and g(x) = (3 —Xx)(2 + x).

(i) Show that the graphs of these two functions have a common point on the y-axis.

(i) A company wants to use the logo shown above and decides to base it on these two
functions. The shaded region is that part of the positive quadrant which is bounded by
the two functions and the section of the x-axis from (2, 0) to (3, 0). Calculate this

shaded area.

Suggested Solution

The graphs agree at the point (0,6) Let x =0 in both cases. The required area is
L a0 -[f(0)=617
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Question 36
Suggested Level: Leaving Cert. Ordinary Level

On a building site, sand is stored in a container which is 4 metres above ground. The sand is
released through an opening in the floor of the container and forms a conical mound in which
the height is equal to the diameter of its base.
(i) If the sand is released at the rate of 500% cm® per second, show that it will take less than
3 hours for the top of the mound of sand to reach the container.
(if) Find the rate at which its height is increasing when the top of the mound reaches the

container.

Question 37
Suggested Level: Leaving Cert. Higher Level

The diagram shows the graph of Sin x from x =0 to x = n/2.

o

0
_TO
A line is drawn from a point h on the y-axis to the local maximum point on the Sin x graph as

shown. Find the value of 0 < h < 1 which will make the two shaded areas equal.
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Question 38
Suggested Level: Leaving Cert. Ordinary Level

A mains water supply runs along the straight boundary of a plot of land (see the Fig 1),which
measures 1200 metres from A to B. The landowner wants to pump water from the mains to
two sprinklers located at C and D, which are respectively 500 metres and 300 metres from
the boundary, as shown. He has just one pump and wants to put it where he can use the
shortest overall length of connecting water pipe. The diagram shows two of the many
possible positions for the pump (labelled Py and P5). The overall length of water pipe for

location Py is therefore |CP4| + |P1D|.

Fig. 1
C
D
500 m
300 m
A B
P; mains:pipe P
1200 m

v

A

(@) Calculate, to the nearest metre, the total length of connecting pipe needed if the pump is located
at position (i) A (ii) B

(b) Using 1 cm to represent 100 m, draw a scaled diagram to represent this situation, showing
positions A, B, C, D and P, and show the scaled distances involved.

(c) (i) Complete the table below, calculating the scaled lengths required in cm. correct to one

decimal place.
Length |APy| in cm 2 4 6 8 10
Length |CP4] incm 5.4 9.4 11.2
Length |P;B|in cm 10 8 6 4 2
Length |P,D] incm 10.4 5 3.6
Length |CP4| + |P,D| in cm 15.8 14.4 14.8

(ii) Estimate the shortest length of connecting pipe needed, to the nearest metre.

45




(d)

A water engineer represents the situation by a different diagram (see Fig. 2) and says that the
minimum length of connecting pipe required is the length |CE|, where E is the image of D by

axial symmetry in the line AB.
(D Show, by calculation or otherwise, that the engineer is correct.

(1) If the pump is located at P, the point where [AB] and [CE] intersect, find the distance of
the pump from A.

(1) Hence, or otherwise, calculate the length of connecting pipe used in this arrangement,

correct to the nearest metre.

Fig. 2
c
D
§00 m
300m
A < B
X P T
.. 300m
i
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Question 39
Suggested Level: Leaving Cert. Higher Level

A mains water supply runs along the straight boundary of a plot of land (see Fig. 1 below) which
measures 1200 metres from A to B. The landowner wants to pump water from the mains to two
sprinklers located at C and D, which are respectively 500 metres and 300 metres from the boundary,
as shown. He has just one pump and wants to put it where he can use the shortest overall length of
connecting water pipe. The diagram shows two of the many possible positions for the pump (labelled

P, and P,). The overall length of water pipe for location P, is therefore |CP,| + |P,D|.

Fig. 1
C
D
500 m
300 m
A B
| P; mains-pipe P2
1200 m

A
v

(@) Calculate, to the nearest metre, the total length of connecting pipe needed if the pump is located

at position (i) A (ii) B (iii) midway between A and B

(b) (i) In Fig. 2, x represents the scaled distance from A to the pump location at P,
where 1 cm represents 100 metres. Express in terms of x the total scaled length

t of connecting pipe required.

C
Fig.2

(i) Find the actual distance of the pump from A when the length of connecting pipe is a
minimum and calculate this minimum length, giving your answers correct to the nearest
metre.
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Question 39
Suggested Level: Leaving Cert. Ordinary Level

Find the weight of the smallest column of air that will completely enclose the Eiffel tower.
Take the density of air to be 1.22521 kg/m®.

Suggested Solution
This was meant to stimulate discussion in class. The students were meant to investigate the
dimensions of the base (its’ a square) the radius length of the cylinder is half that of the
i diagonal. The students should then get the height of the tower. The volume oaf air follows.
i They should then find the weight (or more correctly the mass) using the density given.
Question 40
Suggested Level: Leaving Cert. Ordinary Level
How long it would take to return all of the gifts mentioned in the song ‘The Twelve Days of
Christmas’, if they are returned one day at a time? (one gift per day).
Suggested Solution

The numbers in the song are triangle numbers:
1, 1+2. 1+2+3, 1+2+3+4, and so on. So the general term of the sequence is the sum to

n terms of the series 1,2,3,4,5,..... i.e
u, = g[Za +(n - l)d]
i =2+
= %(n2 +n)

so the number of gifts is given by %Z(nz +n)= %[%(n +1)(n+2)+ g(n + 1)} , the rest

follows with n=12.
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Question 41
Suggested Level: Leaving Cert. Higher Level

Show that every perfect square takes the form 4k or 4k +1, where Kk is an integer. Hence

show that no number in the following sequence 1, 11, 111, 1111, 11111, ............ can be a

perfect square.

Suggested Solution

Every number looks like: 4k, 4k+1,4k+2 or 4k+ 3, i.e. if you divide any number by four
you get no remainder, a remainder of 1 and so on.
Now:

(4k) =16k = 4(h)
(4k+1) =16k + 8k +1
=4(4k+2k)+1=4h+1
(4k+2) =16k> +16k+4=4(4k> + 4k +1)
=4h
(4k+3) =16k +24k+9—4(4k +6k+2)+1
=4h+1

Assume that it is perfect square first and show that this leads to a contradiction.
Let x* =111....1111

Hence x must be odd. Hence x =2y +1
= (2y+1)" =4y* +4y+1=111...1111
= 4y? +4y=111...1110 = (111....111)10
2(2y* +2y)=(111...111)10

2y* +2y = (111...111)5=555....555

The left hand side of this equation in even but the right hand side is odd. This is a
contradiction. Hence our original assumption that 111......... 11111 is a perfect square is
false.
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