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Time/days Money/€ Change 

0 3 

1 5 

2 7 

3 9 

4 11 

5 13 

6 15 

+2 
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+2 
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+2 
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total amount 3 (2 number of days)

3 2

3 2

total amount start amount rate of change number of days
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A d

Workshop 4:  Patterns and Linear Relationships – 1st year                                                                                                                 Multi-representational approach 

• Variables                     

• Rate of change 

Rise 
Run 

• Start amount 

• Inputs • Outputs 

• Constants                    



“Interest will be charged on deferred amounts at  
4 per cent simple interest per annum,  

which is half the rate charged in default cases” 

315 12 6y t. 

http://www.mccarthyaccountants.com/financebill2012/ 

Local property tax (LPT) 

Property: €200,000 
Tax: €175,000(0.0018)=€315  

Local Property Tax- Budget 2013 



Days 
Money in 

cent 
 Change 

Change of 

change 

0 1 

1 2 

2 4 

3 8 

4 16 

5 32 

6 64 

7 128 

8 256 

9 512 

There is a constant ratio between successive outputs. 

+1 

+2 

+4 

+8 

+16 

+32 

+64 

+128 

+256 

+1 

+2 

+4 

+8 

+16 

+32 

+64 

+128 

Workshop 4:  Exponential  Relationships                                                                                                                 Multi-representational approach 

• Variables and 
constants 

Formula:  y = 2x 

Words: Doubling 

• Rate of change 



Time elapsed (Days) 

A
m

o
u

n
t 

(€
) 

Time Amount 

0 100 

1 120 

2 144 

3 172.80 

4 207.36 

You owe €100. Interest is charged at 20% per day compounded daily. 
How much do you owe at the end of 5 days if you do not pay back anything? 

Project Maths: Workshop 7 



Time Amount Change 

Change 

of 

Change 

0 100 

20 
1 120 

24 
2 144 

28.80 
3 172.80 

34.56 

4 207.36 

Time elapsed (Days) 

A
m
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n
t 

(€
) 

2 

Time Amount Change 

Change 

of 

Change 

0 100 

20 
1 120 4 

24 
2 144 4.80 

28.80 
3 172.80 5.76 

34.56 

4 207.36 

(1.2)tF P



Compound  interest  formula 
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Variables denoting  
money are  in 

capital letters! 
𝐹 = 𝑃(1 + 𝑖)𝑡 



Depreciation – Reducing Balance Method 

𝐹 = 𝑃(1 + 𝑖)𝑡 

The formulae also apply when compounding at 
equal intervals other than years.  

In such cases, t is measured in the relevant 
periods of time and i is the period rate 



 “The most powerful force in the world is compound 
interest”  

(Albert Einstein) 



AER, EAR, CAR 
and 

interest rates other than annual 

A is for annual 



AER (annual equivalent/effective rate) tells you the interest you would earn 
if the interest was paid and compounded annually.  
(Interest rates are sometimes quoted for periods other than yearly.)   

 
Allows investors to make comparisons between savings accounts which pay 
interest at different intervals. 
 
It may or may not include charges. 

The financial regulator’s office considers the terms AER/EAR and CAR all to be equivalent. The 
term CAR is approved for use in relation to tracker bonds – for other investment products the 
regulator considers the acronym AER or EAR should be used. APR is reserved for loans and 
credit agreements. 

Savings and Investments 
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141.7 100 1

1.417 1 1.035468722 0.0355

The AER is 3.55% after tax.

i

i i

 

    

The Government’s Nationality Solidarity Bond offers 41.7% net return (after tax) after 10 
years. Calculate the AER (after tax)  for the bond. 
 

A  Government Bond Investment 

𝐹 = 𝑃(1 + 𝑖)𝑡 



A bank  has offered a 9 month fixed term reward account paying 2.55% on maturity , for 
new funds from €10,000 to €500,000.  
(You get  your money back in 9 months time, along with 2.55% interest.)  
Confirm that this is, as advertised, an EAR of 3.41%. 

9 Month Fixed Term Converted to AER 

 

 
9

12

 (Assuming 3.41% AER)

1

9
Assuming €100 is invested, what will it amount to in  years 

(matching periodic rate a

at 3.41% A

nd period)

ER?
12

100 1.0341    

€102.55

If €10

Solution 

0 becomes

1

 €102.55 i

t
F P i

F

F

 





n 9 months, this represents an interest rate for the 9 months of 2.55%.

9
12

12
9

Alternatively, calculate the AER given that the interest rate for 9 months is 2

Solution 

.55%

(1 )

1.0255 (1 )

(1.0255) 1

1.0341 AER  annual equivalent rate = 3.41%

2
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i

i

i

 

 

 

  





Using one of the brochures for NTMA State Savings products, as shown below, verify the 
Gross AER values, given the total return. 

Question 1 

1
3

3107 100(1 )

(1.07) 1

0.0228

2.28%
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i
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r
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5115 100(1 )
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0.01 4

0.04 67%

0.0268

2.68% r



 





2.68% 8%

10.68%
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0.01 10

0.1 67%

0.067
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6.70% 35%

41.7%
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10141.70 100(1 )

(1.417) 1

0.03546
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Question 2 

See Question Booklet 



Examples: 
 
 Regular deposits in a savings account 

 
 Periodic payments to a retired person  from a 

pension fund or lotto winnings (USA) 
 

 Loans are usually paid off by an annuity 

An annuity is a sequence of periodic equal contributions made by or to an 
individual for a specified term.  

Annuities 



 

       The Time Value of Money 
 
 Present value                              Future (Final) value 

  

Annuities  Involving Future Values 
Regular saver accounts 

 

         



𝒕0 𝒕2 𝒕1 𝒕3 𝒕n-2 𝒕n-1 𝒕n 

 Future 
Value (𝑭) 

Future (final) value works forwards 

If we are investing money into an account, we will be working with 
the future values of the payments into the account, since we are 
saving money for the future.  

Payment period 

The payment 𝑨 can be paid either  
• at the beginning or  
• at the end of the payment period. 

𝑨 𝑨 𝑨 𝑨 𝑨 𝑨 

𝑨 𝑨 𝑨 𝑨 𝑨 𝑨 

𝒏 regular fixed payments, of amount  €𝑨,  
over a specified period of time 



𝒕0 𝒕2 𝒕1 𝒕3 𝒕4 𝒕5 

1

The sum of all the separate future values The future value of the annuity
n

r
r

F


 

€𝟏𝟎𝟎 €𝟏𝟎𝟎 €𝟏𝟎𝟎 €𝟏𝟎𝟎 €𝟏𝟎𝟎 

5
1 100(1.03)F 

  4
2 100(1.03)F 

  
3

3 100(1.03)F 

  
2

4 100(1.03)F 

  1
5 100(1.03)F 

1 2 3 4 5

1

100(1.03) 100(1.03) 100(1.03) 100(1.03) 100(1.03)
n

r
r

F


    

Your Turn  Q3 (a) and (b) 

What is the future value of the annuity? 

Question 3 [Future Value – Annuity Due] 

Five payments, each of €100, are paid into an account at regular intervals, at the 
beginning of each of five years, at an AER of 3%, paid an compounded annually. 
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This is a geometric series with  and .
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1 2 3 4 5

1

100(1.03) 100(1.03) 100(1.03) 100(1.03) 100(1.03)
n

r
r
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𝒕0 𝒕2 𝒕1 𝒕3 𝒕4 𝒕5 

1

The sum of all the separate future values The future value of the annuity
n

r
r

F


 

€𝑨 €𝑨 €𝑨 €𝑨 €𝑨 

5
1 (1 )F A i 

  4
2 (1 )F A i 

  
3

3 (1 )F A i 

  
2

4 (1 )F A i 

  1
5 (1 )F A i 

1 2 3 4 5

1

(1 ) (1 ) (1 ) (1 ) (1 )
n

r
r

F A i A i A i A i A i


         

What is the future value of the annuity? 

Question 3 (d) [Future Value – Annuity Due] 

Generalise the above procedure, to find the future value of five payments of €𝐴 , paid into 
an account at regular yearly intervals, at the beginning of each of  five years, where 𝑖 is the 
AER expressed as a decimal,  and the interest is paid and compounded annually. 
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𝒕0 𝒕2 𝒕1 𝒕3 𝒕4 𝒕5 

1

The sum of all the separate future values = The future value of the annuity
n

r
r

F




  4
1 (1 )F A i 

  3
2 (1 )F A i 

  
2

3 (1 )F A i 

  
1

4 (1 )F A i 

  5F A

1 2 3 4
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(1 ) (1 ) (1 ) (1 )
n

r
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F A A i A i A i A i


        

𝑨 𝑨 𝑨 𝑨 𝑨 
What is the future value of the annuity? 

Your Turn Q4 

Question 4 [Future Value – Ordinary Annuity and Comparison with Annuity due)  

What is the future value of five payments, each of €𝐴, paid into an account at regular 
yearly intervals, at the end of each of five years, where 𝑖 is the AER expressed as a 
decimal?   
(Draw and fill in, a timeline and a table for the situation, as in Q3. above.) 
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𝒕0 𝒕2 𝒕1 𝒕3 𝒕n-2 𝒕n-1 𝒕n 

𝑨 𝑨 𝑨 𝑨 𝑨 𝑨 

𝑨 𝑨 𝑨 𝑨 𝑨 𝑨 

𝒕0 𝒕2 𝒕1 𝒕3 𝒕n-2 𝒕n-1 𝒕n 

First payment immediately;  
last payment at the beginning of the last payment period 

First payment made at the end of the first payment period;  
last payment at the end of the last payment period 

(1 )((1 ) 1)n

n

A i i
S

i

  


((1 ) 1)n

n

A i
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Question 5 [Different Compounding Periods] 

Calculate the number of compounding periods in the given time intervals, as the length of 
the compounding period varies. 
 

Time 
intervals/years 

Number of Compounding Periods 

Interest added 
every 6 months 

Interest added 
every 3 months 

Interest added 
every month 

Interest added 
every day* 

3.5 

10 

40 

Time 
intervals/years 

Number of Compounding Periods 

Interest added 
every 6 months 

Interest added 
every 3 months 

Interest added 
every month 

Interest added 
every day* 

3.5 7  14 42 1277.50 

10 20 40 120 3650 

40 80  160  480  14600 



  
  

  

  

𝒕0 𝒕2 𝒕1 𝒕3 t𝟓𝟖 t𝟓𝟗 t𝟔𝟎 

€𝟓𝟎𝟎 €𝟓𝟎𝟎 €𝟓𝟎𝟎 €𝟓𝟎𝟎 €𝟓𝟎𝟎 €𝟓𝟎𝟎 
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500 1.08
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500 1.08
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€36,472.33

At the end of each month a deposit of €500 is made into an account that pays an AER of 
8% compounded monthly.  
Calculate the final amount (future value) after 5 years? 
 

Question 6 Regular Savings (Future value of an annuity) 

         
1 1 1 1 1

12 12 12 12 12
2 57 58 59

60 500 500 1.08 500 1.08 500 1.08 500 1.08 500 1.08S       



Sonya deposits €300 at the end of each quarter in her savings  account.  The money earns 
5.75% (EAR).  
(a) How much will this investment be worth at the end of 4 years? 
 
(b) After four years she is offered 6% AER, paid and compounded annually, if she does 
 not withdraw the money for the following two years.  How much will her investment 
 amount to at the end of the six years?  
 

Question 7 [Regular Savings – Future value of an annuity plus lump sum compounding] 

€𝟑𝟎𝟎 €𝟑𝟎𝟎 €𝟑𝟎𝟎 €𝟑𝟎𝟎 €𝟑𝟎𝟎 €𝟑𝟎𝟎 

𝒕0 𝒕2 𝒕1 𝒕3 𝒕14 𝒕15 𝒕16  
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13

3

1

15

16

€300 1.0575

€300 1.0575

€300 1.0575

€300 1.0575

€300

F

F

F

F

F













Sonya deposits €300 at the end of each quarter in her savings  account.  The money earns 
5.75% (EAR).  
(a) How much will this investment be worth at the end of 4 years? 
 
(b) After four years she is offered 6% AER, paid and compounded annually, if she does 
 not withdraw the money for the following two years.  How much will her investment 
 amount to at the end of the six years?  
 

Question 7 [Regular Savings – Future value of an annuity plus lump sum compounding] 

1 1 1 1
4 4 4 41 13 14 15

16S 300 300(1.0575 ) 300(1.0575 ) 300(1.0575 ) 300(1.0575 )     (a)

25341.56(1.06) €6001.78F  (b)

€5,341.56

1
4

1
4

16

16

300 (1.0575 ) 1

1.0575 1
S

 
 





1
12

1 1000(1.03 )nF 

How long should an investor continue to make monthly investments of €1000 at a rate of 
3% AER if she wishes to have at least €100,000  in a savings account.  Assume that the 
first payment is made immediately and that the last payment is made on the day that the 
investment matures. 
 

Question 8 [Regular Savings – Future Value of an annuity] 

𝑡0 𝑡1 𝑡2 𝑡𝑛 𝑡𝑛−1 𝑡𝑛−2 

1
12 1

2 1000(1.03 )nF 
1

12 2
3 1000(1.03 )nF 

1 1000nF



1
12 11000(1.03 )nF 

1
12 2

1 1000(1.03 )nF
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12 12

log 100 1.03 1 1
1

log1.03

89.49 1

88.49

1 1 1.03

log 100 1.03 1 1 ( 1)log1.03

To have at least €100,000 we need 89 months which is 7 years 5 months.
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n
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How long should an investor continue to make monthly investments of €1000 at a rate of 
3% AER if she wishes to have at least €100,000  in a savings account.  Assume that the 
first payment is made immediately and that the last payment is made on the day that the 
investment matures. 
 

Question 8 [Regular Savings – Future Value of an annuity] 



Ben wants to save up some money so that he can have €40 000 saved for his unborn 
daughter on her 18th birthday to help with college fees. On the day his daughter is born he  
begins making equal monthly payments into an account that pays 3.5% AER which is paid 
and compounded monthly.  
 
His last payment into the account is due one month before his daughter turns 18. 
 
Calculate monthly payment required to achieve the fund of €40 000 in the time given. 
 

Question 9 [Saving for College Fees] 
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40000 299.540682

€133.54

A

A





What if he waits until her 5th birthday to start investing for her college fees? 

A= €203.04 

       
2 215 2161 1 1 1

12 12 12 12
216 40000 1.035 1.035 1.035 1.035S A A A A     

   
2161 1

12 12

1
12

1.035 1.035 1

40000
1.035 1

A
 

 
 



Ben wants to save up some money so that he can have €40 000 saved for his unborn 
daughter on her 18th birthday to help with college fees. On the day his daughter is born he  
begins making equal monthly payments into an account that pays 3.5% AER which is paid 
and compounded monthly.  
 
His last payment into the account is due one month before his daughter turns 18. 
 
Calculate monthly payment required to achieve the fund of €40 000 in the time given. 
 

Question 9 [Saving for College Fees] 

   
1561 1

12 12

1
12

1.035 1.035 1

40000
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Annuity 1 

Total value of the annuities = €14 253.00 

Ailish deposits €200 at the beginning of each month for four years, into a savings account 
which pays 2.5% AER paid and compounded monthly.  At the end of each year she also 
deposits €1000 into this account.   
How much money will she have in the account at the end of the 4 years? 
 

𝑡0 𝑡2 𝑡1 𝑡3 𝑡46 𝑡47 𝑡48 

200 200 200 200 200 200 

   
 

1 112 12

1
12

48

48

200 1.025 1.025 1

1.025 1

€10 100.48

S

 
 

 





4

4

1,000(1.025 1)

1.025 1

€4152.52

S







Annuity 2 

𝑡0 𝑡24 𝑡12 𝑡36 𝑡48 

1000 1000 1000 1000 



We need to separate  information so we don’t mix up some rates and some periods. 

Question 11 [Sinking Fund] 

Companies often purchase equipment and use it for a specified time period. The old equipment is 
then sold at scrap value and new, upgraded equipment is bought. In order to finance the purchasing 
of the new equipment, the company sets up, in advance, an annuity called a sinking fund. 
  
A university buys a bus that costs €105,000 and its useful life is 5 years. It depreciates at 12% p.a. 
reducing balance. Assume that the cost of this type of bus increases at 3% AER, compounded 
annually. 
  
The old bus will be sold at scrap value in 5 years and the proceeds will be used together with a 
sinking fund to buy a new bus. The university will make payments each month into a savings 
account giving a 4.4% AER compounded monthly. The first payment will be made at the end of the 
first month and the last payment will be made at the end of the 5 year period. 
  
(a) What is the scrap value of the bus after 5 years? 
  
(b) Calculate the cost of the a new bus of the same type, in 5 years’ time. 
  
(c) Calculate the amount required in the sinking fund. 
  
(d) Calculate the monthly repayments required for the purchase of the new bus. 

 



Question 11 [Sinking Fund] 

Companies often purchase equipment and use it for a specified time period. The old equipment is 
then sold at scrap value and new, upgraded equipment is bought. In order to finance the purchasing 
of the new equipment, the company sets up, in advance, an annuity called a sinking fund. 
  
A university buys a bus that costs €105 000 and its useful life is 5 years. It depreciates at 12% p.a. 
reducing balance. Assume that the cost of this type of bus increases at 3% AER, compounded 
annually. 
  
The old bus will be sold at scrap value in 5 years and the proceeds will be used together with a 
sinking fund to buy a new bus. The university will make payments each month into a savings 
account giving a 4.4% AER compounded monthly. The first payment will be made at the end of the 
first month and the last payment will be made at the end of the 5 year period. 
  
(a) What is the scrap value of the bus after 5 years? 
  

 
5105 000(1 0.12)

€55 411.85

oF  



(a)



Question 11 [Sinking Fund] 

Companies often purchase equipment and use it for a specified time period. The old equipment is 
then sold at scrap value and new, upgraded equipment is bought. In order to finance the purchasing 
of the new equipment, the company sets up, in advance, an annuity called a sinking fund. 
  
A university buys a bus that costs €105 000 and its useful life is 5 years. It depreciates at 12% p.a. 
reducing balance. Assume that the cost of this type of bus increases at 3% AER, compounded 
annually. 
  
The old bus will be sold at scrap value in 5 years and the proceeds will be used together with a 
sinking fund to buy a new bus. The university will make payments each month into a savings 
account giving a 4.4% AER compounded monthly. The first payment will be made at the end of the 
first month and the last payment will be made at the end of the 5 year period. 
  
(b)  Calculate the cost of the a new bus of the same type, in 5 years’ time   

 
5105 000(1 0.03)

€121 723.78

nF  



(b)



Question 11 [Sinking Fund] 

Companies often purchase equipment and use it for a specified time period. The old equipment is 
then sold at scrap value and new, upgraded equipment is bought. In order to finance the purchasing 
of the new equipment, the company sets up, in advance, an annuity called a sinking fund. 
  
A university buys a bus that costs €105 000 and its useful life is 5 years. It depreciates at 12% p.a. 
reducing balance. Assume that the cost of this type of bus increases at 3% AER, compounded 
annually. 
  
The old bus will be sold at scrap value in 5 years and the proceeds will be used together with a 
sinking fund to buy a new bus. The university will make payments each month into a savings 
account giving a 4.4% AER compounded monthly. The first payment will be made at the end of the 
first month and the last payment will be made at the end of the 5 year period. 
  
(c)  Calculate the amount required in the sinking fund. 
  

 Sinking Fund

€121 723.78 €55 411.85

€66 311.93

n oF F 

 



(c)



Question 11 [Sinking Fund] 

Companies often purchase equipment and use it for a specified time period. The old equipment is 
then sold at scrap value and new, upgraded equipment is bought. In order to finance the purchasing 
of the new equipment, the company sets up, in advance, an annuity called a sinking fund. 
  
A university buys a bus that costs €105 000 and its useful life is 5 years. It depreciates at 12% p.a. 
reducing balance. Assume that the cost of this type of bus increases at 3% AER, compounded 
annually. 
  
The old bus will be sold at scrap value in 5 years and the proceeds will be used together with a 
sinking fund to buy a new bus. The university will make payments each month into a savings 
account giving a 4.4% AER compounded monthly. The first payment will be made at the end of the 
first month and the last payment will be made at the end of the 5 year period. 
  
(d)  Calculate the monthly repayments required for the purchase of the new bus. 
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